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Chapter 1 
Introduction 

In this chapter we first present in Sections 1. 1-1.7 the abstracts of the 
individual papers that form the remaining 7 chapters of this report. Each 
paper, which is in the form of a manuscript for publication in a technical 
journa, , has been wrltteu by one or more members of our research group. Most 
of these manuscripts are being reviewed, and their final forms will be 
different than those presented here. 

In Sections 1.8-1,10, we briefly review the work that was under way 
during the contract, but which has not progressed sufficiently for the writing 
of summarising manuscripts. One of the projects, “On Cloud Street Development 
from the Inflection Point Instability" is the MS thesis topic for Mr. Dave 
Stensrud and another one, "Wavenumber and Amplitude Vacillation Arising from 
Tima-Dependent Flows" la the PhD thesis topic for Mr. Steven Feldsteln. The 
last study, "Modeling the Index Cycle Variations" la a postdoctoral project 
for Dr* Harry Henderson. The reports summarising these studies will be 
Included in the final report for the present contract, MASS-36150. 




1.1 The Effect of Topography on the Evolution of Unstable Disturbances In a 

Barodinlc Atmosphere 

A two-layer spectral quasi-geos trophic model Is used to simulate the 
effects of topography on the equilibria, their stability, and the long-term 
evolution of Incipient unstable waves. The flow Is forced by latitudlnally 
dependent radiative heating. Dissipation Is In the form of Rayleigh 
friction. 

An analytical solution is found for the propagating finite-amplitude 
waves which result from baroclinic Instability of the zonal winds when 
topography is absent. The appearance of this solution for wavelengths just 
longer than the Rossby radius of deformation and disappearance of ultra-long 
wave-lengths Is Interpreted In terms of the Hopf bifurcation theory of Marsden 
and McCracken (1976). Simple dynamic and themodynamlc criteria for the 
existence of periodic Rossby solutions are presented. A Floquet stability 
analysis shows that the waves are neutral. 

One result of the introduction of topography is multiple steady solutions 
for certain values of external parameters. Metastable high Index equilibria 
are especially prominent when the zonal wind shear Is close to resonance. 

The nature of the form-drag insr-Mlity of high-index equilibria is 
investigated. It is shown that the proximity of the equilibrium shear to a 
resonant value is essential for the instability , provided the equilibrium 
occurs at a slightly stronger shear than resonance. 

The barodlnlcally unstable waves with topography evolve with increasing 
radiative forcing via a series of period doublings, as opposed to Hopf 
bifurcations, to an aperiodic state. A Floquet stability analysis of the 
successive periodic solutions facilitated an accurate determination of the 
critical heatings. Feigenbaum&'s asymptotic relation was closely followed. 
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Preliminary calculations with less severe spectral truncations suggest that 
Felgenbaum's relation holds independently of the truncation* 
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1.2 The Hadley and Ross by Reglaes la a Spherical Ataosphere 

The properties of the steady Hadley and Rossby reglaes for a thermally- 
forced rotating fluid on a sphere are studied. The two-layer modified 
geostrophlc oodel of Lorenz (1960) Is employed which allows for thermal 
advectlon by the divergent wind and time dependent static stability. Heating 
processes are parameterized using the Newtonian approximation and Rayleigh 
friction Is accounted for. The equations are transformed to spectral form 
using spherical harmonics and then truncated retaining a simple axlsymmetrlc 
state and initially one wave. 

A time Independent Hadley criculatlon is obtained which is neutral to 
axlsymmetrlc disturbances but unstable to wave-llke perturbations for 
Intermediate values of the meridional temperature gradient Indicating the 
existence of both an upper and lower symmetric Hadley regime. An analytical 
solution for the steady Rossby circulation Is determined for values of the 
meridional temperature gradient where the Hadley regime Is unstable. Linear 
perturbation theory Is used to show that within the steady Rossby regime two 
or more waves cannot exist simultaneously. This Implies that the transition 
from one wavenumber to another occurs abruptly as the merlodional temperature 
gradient Is varied In contrast to the fiuding of Lorenz (1962) for the 
rotating dlshpan. For small values of dissipation and forcing, the steady 
Rossby regime Is replaced by a doubly periodic time dependent circulation 
consisting of both amplitude vacillation and wave propagation. Also, there is 
vary good agreement between the wavenumber of maximum Instability for the 
steady Hadley regime and the wavenumber observed In the steady Rossby regime. 



1.3 A Parameterization Technique for Nonlinear Spectral Models 

An objective parameterization technique is developed for general nonlinear 
hydrodynamlcal systems. The typical structure of these hydrodynamical systems, 
regardless of their complexity. Is one in which the rates of change of the 
dependent variables depend on homogeneous quadratic and linear forms, as well 
as on Inhomogeneous forcing terms. As prototype of the generic problem 
containing this typical structure, we apply the parameterization technique to 
various three-component subsets of a five-component nonlinear spectral model of 
forced, dissipative queel-geostrophic flow in a channel. The results obtained 
here lead to specification of the necessary data coverage requirements for 
applying the technique in general. 

The emphasis of the parameterization approach is on preserving the 
behavior of the steady states by incorporating in the parameterized models 
information concerning the topological structure of the original solutions. 

The parameterized spectral components are expressed as power series involving 
the retained components, and it is found that the optimum parameterization is 
obtained when these series are terminated at quadratic terms. The values of 
the coefficients in these series are determined from the moments of the 
original set of spectral components over some range of forcing. 

For testing convenience, the moments are computed using the steady 
solutions to the original five-component model as data. This is accomplished 
by essuming that the values of the zonal forcing rate obey some standard 
statistical distributions • In regions of phase space in which multiple steady 
solutions occur, the likelihood of the occurrence of any one solution mey be 
weighted according to its stability. Thus, the date sets can be viewed as 
simulating either idealized data, in which both stable and unstable solutions 
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are peralttcd, or observational data. In which only stable solutions are per- 
mitted. Special attention i. pal d to the sensitivity of the parameterization 
to data coverage requireaents, and to the relation of these requireaent. to 
the general structure of the solution surfaces. Significantly, it is shown 
that with sufficient data coverage, a successful paraaeterization may be 
obtained even in the more restrictive case when only stable (observable) 
solutions are used as data. 
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1.4 A Numerical Study of Global Axisymmetric States and Their Stability to 

Quasi-Geostrophic Disturbances 

A steady, axisymmetric model of the general circulation is developed as a 
basis for climate stability studies. The model Includes the effects of 
heating, rotation, and Internal friction, but neglects topography. It is 
assumed that the axisymmetric flow may be modeled by making the Bousslnesq and 
deep convection approximations. The hydrostatic assumption is not made, thus 
permitting the advectlve terms to be Included in the vertical equation of 
motion. The initial set of five primitive equations is reduced to three 
equations in terms of the tonal velocity, meridional at reamf unction, and the 
potential temperature perturbation. 

The three dependent variables are assumed to satisfy appropriate spectral 
expansions, and the three equations are then arranged into a Galerkln 
representation. The number of degrees of freedom retained in the expansions 
la restricted to eight waves or less, which places the model in the class of 
highly truncated spectral models. 

The motions are forced by a specified heating distribution and dissipated 
through an eddy mixing coefficient formulation. The specified heating 
distribution is an idealized pattern based upon the observed net heating 
field. The eddy mixing coefficients are chosen to be representative of the 
observed circulation. 

The axisymmetric circulation is tested for stability to quasi-geos trophic 
disturbances. The original set of five primitive equations is reduced to a 
single equation governing the evolution of quasi-geos trophic potential 
vci'ticity. This equation is linearised about the axisymmetric state, and the 
stability of the disturbances is found by examining the eigenvalues 
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associated with each disturbance. The longitudinal resolution Is truncated 
beyond the 15th longitudinal wave. 

The application of the Bouse lnesq , deep convection, and quasi-g^os trophic 
assumptions Halts the ranges of the heating and rotation rates. I c v. > is 
not too far from typical ataospheric values, the aodel produces a stability 
boundary separating Hadley froa Rossby flow. The boundary la characterised by 
a particular value of vertical wind shear, which suggests that berodlnl u 
Instability Is the prlaary aechanlsa for the loss of stability. The initial 
growth rates are largest for longitudinal wavs* 4-7, also In sgrseasnt with 
studlss of barodlnlc Instability. 
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1.5 On Cloud Street Development In Three Dimensions: Parallel and Rayleigh 

Instabilities 

Expected orientation angles and horizontal wavelengths of boundary layer 
rolls or cloud streets are determined from an analysis of a truncated spectral 
modal of three-dimensional shallow moist Bousslnesq convection In s shearing 
environment. The nonlinear secondary circulations are organized Into two- 
dimensional forms by the height-dependent wind field, and :hese rolls may 
develop from the combined effects of thermal stratification and mean wind 
shear. The associated thermal and pa-ellel Instability mschanlsms are shown 
to be special cases of a single one. Only one mode Is found when the 
stratification Is unstable or neutral, but a second one Is possible when the 
stratification Is weakly stable. The first corresponds to relatively broadly 
spaced rolls having orientations for which the Fourier component of the roll- 
perpendicular shear Is nearly zero, but the second corresponds to relatively 
narrowly spaced rolls having orientations for which the Fourier coefficients 
of both the perpendicular and the parallel components of the shear are nearly 
equal. 
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1.6 Cloud Streets During KonTur: A Comparison of Pa-allel/Thermal 

Instability Modes with Observations 

Estimates of cloud street geometry produced by a model of the parallel/ 
thermal instability modes of shallow convection (Shlrer, 1985) are compared 
with observations obtained during the 1981 KonTur experiment (B rummer and 
Grant, 1985). Good agreement be :’een the modeled and observed orientation 
angles, wavelengths and Reynolds numbers are found when the streets are 
assumed to derive their energy from the average shear and the lowest order 
sine terms of a Fourier expansion of the mean wind profile (or equivalently 
from the lowest order cosine terms of the mean shear profile). The modes 
associated with the cosine terms of the wind profile (or the sine teres of the 
wind shear profila) do not agree well with the observations. Thesa -esults 
suggeat that the boundary layer rolls observed during KonTur might have 
developed owing to e combined parallel /thermal instability originating 
primarily from the cosine terms of the smblent roll-parallel win shear. 


So X 
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1,7 On the Nonlinear Characteristics of the Axisymmetrlc Flow Regloe: 

Cylindrical and Hemispheric Systems 

The physical relationship between steady axisymcetrlc flows that might be 
obvserved in the atmosphere and In laboratory vessels Is investigated 
theoretically. This is accomplished by comparing both the nonlinear structure 
and the thermal forcing mechanisms in two truncated spectral models of flow in 
the atmosphere and the rotating laboratory cylinder respectively. Under 
statically stable conditions, the response of tne internally-forced spherical 
model (which is developed here from a set of new orthcnormal basis functions) 
exhibits steady behavior different from that in the externally forced 
cylindrical model. Two regions of multiple steady solutions occur in the 
cylindrical model, under stable conditions, that are not found in the 
spherical one. The possible physical relevance of these multiple solutions is 
Investigated by determining their location in parameter space with respect to 
the classical Hadley-Ro^ shy transition curve. The results suggest that the 
wave flow regime, in an annulus, might develop catastrophically when an upper 
symmetric flow ceases to exist. Further examination of each model reveals 
that steady behavior is linked to the hydrostatic assumption and so to the 
aspect ratio and basis functions of each system. The results suggest that the 
manner by which regime transitions occur in externally forced vessels might 
differ from thoua for the internally (and externally) forced atmosphere. 
Significantly, Internally forced laboratory vaseale a«.e found to have the 
greatest utility for studies of large-scale axlsymetrlc flow regimes in the 
stmosphsre. 
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1.8 On Cloud Street Development from the Inflection Point Instability 

The inflection point instability as a formation mechanism for cloud 
streets In a neutral atmosphere is studied with a low-order spectral model. 
Since one vertical wavenumber is not sufficient to capture the inflection 

■s point instability (Shirer, 1985 and Chapter 6), we develop two versions of 

.< the model: one with two vertical wavenumbers, and the other with three 

vertical wavenumbers* The .near stability analysis for both model versions 
yields a single polynomial in the squared critical Reynolds number (Re c ^) that 

j depends on the Fourier coefficients of the wind profile. Solving for the 

1 

.! minimum acceptable value of Re c ^ (Re c ^>0) yields the preferred values of the 

orientation angle (0) and the aspect ratio (A), and hence gives the preferred 
geometry of the streets. 

To test the model results, we use several idealized wind profiles as well 
as several observed wind profiles; their Fourier coefficients determine the 
minimum velue of Re c . Tn previous studies, the Ekman profile has been used 
primarily to examine the inflection point instability, and orientation angles 
0 and aspect ratios A have been calculated (Lilly, Asal and Nakasuji, 

1973). In the present model, the prefetred values of 6 and A associated with 
the Ekman profile agree well with these previous result*. 

The observed wind profiles are taken from the 1981 KonTur experiment 

i 

(Brunner and Grant, 1985). KonTur was a West German connection experiment in 

i 

which high resolution wind data was collected by aircraft flying through the 
boundary layer* We find that the preferred velues of 8 and A given by the 
KonTur data on days containing cloud streets agree with the observed values. 
Indeed, the two wavenumber version of the model does very well in determining 
the preferred orientation angles and aspect ratios, although greater 
confidence is maintained with the "hree wavenumber version* 
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One fora of low vertical resolution data that is routinely available is 
radiosonde data for which the wind observations are given every 1000 ft. This 
data is, in general, too coarse to produce reliable preferred values of 8 and 
A during cloud street outbreaks. However, it nay be possible to use a cubic 
spline to enhance the data and adjust the preferred values of 0 and A. In 
this way the boundary layer wind profile can be iaproved by using the spline 
profile that yields the observed values of 0 and A on days containing cloud 
streets. This hypothesis is currently under Investigation and the Initial 
results are indefinite. 
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1.9 W&v* number and Amplitude Vacillation Arising from Time-Dependent Flows 

The finite-amplitude stability of planetary scale waves Is being studied 
to show that synoptic scale amplitude and wavenumber vacillation can develop 
from the Instability of the planetary waves. A two-layer quasl-geos trophic 
midlatitude 0-plane model Is used. Both forced and free planetary scale 
basic state waves are being considered. 

An asymptotic series expansion Is used to study the weakly nonlinear 
finite amplitude evolution of synoptic scale perturbations. When the 
planetary wave is forced, the synoptic seals perturbations experience a slow 
amplitude vacillation cycle. On the other hand, when the planetary wave Is 
free, the weakly nonlinear theory breaks down due to an explosive finite 
amplitude instability of the perturbation. 

The weakly nonlinear theory is then used to specify a truncation for a 
completely nonlinear spectral model. Both the lower and higher order modes of 
the weakly nonlinear solutions are retained in the spectral model. This is 
because the higher order modes are found to play a crucial role in the 
evolution of the lower order modes. 

The spectral model results for the forced planetary wave case are similar 
to those of the weakly nonlinear theory. When the planetary wave is free, the 
results are quite different. The synoptic scale modes underwent a slow, 
regular wavenumber vacillation cycle that was possible only due to the 
explosive instability of the basic wave. 

Presently, we are studying these tiro vacillation cycles in detail and we 
are trying the understand why the forced and free basic wave cases are so 




different 
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1.10 Modeling the Index Cycle Variations 

Initially we expected that a forecast model of the Index cycle could be 
built from the empirical orthogonal functions (EOF) of the 500 mb height 
field, but this has not proved to be the case for two reaso i*- First, the 

ECF's could readily describe the blocking situations, but no obvious choice of 
EQF's seemed to be adequate In describing the high Index (zonal) flows. The 
second obstacle was centered about the problem of errors introduced into the 
interaction coefficients that were derived from the EOF fields. The domain 
area of the study was the NMC octagon, and the only feasible way to obtain the 

horizontal derivatives of the EOF's (which are necessary for the calculation 

of the interaction coefficients) was to use finite differencing. This in turn 
introduced errors into the interaction coefficients. No explosive 
instabilities occur with these errors, as the errors cancel each other in the 
mean kinetic energy and vortldty equations, but errors in phase speeds did 
occur. It did not seem fruitful to pursue this approach, as tests made with a 
very low order model confirmed the decay in predictability solely due to 
.rrors in the interaction coefficients. 

Instead, we turned our efforts to studying the barotroplc vortldty 
equation. This model is based on the divergent form of the quasl-geostrophlc 
model, as used by Charney and DeVore (1979). However, the model has been 

rff-^st in spherical harmonics for use over the Northern Hemisphere. This will 

allow comparisons between observations and forecasts. A higher number of 
degrees of freedom have been Incorporated— there are 15 modes available 
(wavenumbers 1-5 in both the meridional and zonal directions), along with 
direct forcing of each mode and all possible terrain modes for this 
truncation. The model was tested for accuracy in conserving energy and 
vortldty, and found to be ready for use with analysed data. 



The very low order barotropic results were in agreement with those of 
Charney and DeVore (1979) and also Hart (1979). There were regions of 
multiple solutions, but the steady solutions that were analogous to high and 
low Index patterns were stable to perturbations. Stable periodic solutions are 
probably present, but were not found (similar to Hart's results). It has been 
proposed by both Charney and Hart that barodinlc instability is necessary to 
provide the instabilty that moves the atmospheric state between Index 
patterns. Accordingly, some work was done to seek an apptoprlate low order 
model that Includes baroclinic instability. There seems to be such a suitable 
model developed by Lorenz (1984), although It is still being refined. It is 
two-level and Incorporates parameterized diabetic effects. 

The next step will be to run the barotropic model for extended periods, 
and to look at the behavior of the index. Oscillations will probably not be 
present, as these states may be stable. The same modeling approach as that 
used with the Lorenz two-level model should yield oscillations. 
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1. Introduction 

A great deal of attention has been devoted. In recent years, to the 
conditions under which mathematical fluid dynamical models exhibit a 
transition from deterministic to stochastic behaviour In response to a 
changing external parameter. Models of phenomena as diverse as the 
development of turbulence, Ruelle and Takens (1971), two-dimensional 
incompressible flow, Franceschinl and Tebaldi (1979), and the evolution of 
marginally unstable planetary waves, Pedlosky and Prenzen (1980), demonstrate 
the evolution of the flows via a series of period doublings to a chaotic or 
aperiodic state. If the time evolution of the solution is regarded as the 
trajectory of a point In an n-dimensional phase space whose coordinates 
represent the amplitudes of a set of orthogonal functions used to represent 
the solution, then the trajectories become erratic In the vicinity of a 
region called a strange attractor. 

Feigenbaum (1978), using a first-order difference equation, found that 
there Is a universal relationship between the values of the external parameter 
at which each period doubling occurs that seemed to be Independent of the 
detailed nature of the equation. Collet and Eckman (1980) show how the 
long-term evolution of a multi-dimensional system under certain conditions can 
be governed by Felgenbaum's relation. 

A long-held belief among atmospheric dynamidsts Is that an Important 
process giving rise to the finite-amplitude propagating and stationary 
planetary scale waves at mid and high latitudes is barocllnlc Instability of 
the aonally-averaged westerlies. Indeed, steady sxlsymmatrlc or Hadley 
solutions to the Msvler-Stokas equations tdw>se existence with weak external 
heating has been proven by Dutton and Kloeden (1983) are believed to break 
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down with Increased heating mainly by the process of barocllnlc Instability 
Into the meandering assymetrlc flow patterns characteristic of old and high 
latitudes. Pedlosky (1970, 1972) has shown analytically how incipient 
marginally unstable disturbances to a vertically sheared flow can evolve to 
either steady or oscillating waves depending upon the intensity of 
dissipation. An additional instability mechanism giving rise to 
finite-amplitude waves is form-drag Instability associated with wavelike 
topographic features at the base of a barotropJc or barocllnlc atmosphere, 
Charney and Devore (1979) and Charney and Straus (1980). The instability 
arises when the model atmosphere is close to a state of resonance such that 
the frequency of a free mode coincides with the frequency associated with the 
topographic forcing (usually sero). The resonant growth of infinitesimal 
wavelike disturbances has previously been suggested as the mschanlsm for the 
establishment of blocking patterns, Llndsen and Tung (1979a, b). A unique 
feature of the form-drag instability Is that non-linear wave-mean flow 
interactions are able to lock the system in a quas 1-resonant state long after 
the initial linear growth period thus facilitating the eventual equilibration 
of the wave at amplitudes substantially above these predicted from a purely 
linear theory. Plumb (1979, 1.981). Charney and Straus (1980) suggest that low 
index equilibrium states in a truncated spectral model arise from the 
nonlinear resonant growth of «s initially linearly unstable mode in a 
barocllnlc model with topography. The energy source of the growing wave la 
the available potential energy of the mean shaared flow just as for a 
baroellnlcally unstable disturbance. 

It appears that topography has the potential for strongly modifying the 
long-term behavior of an incipient unstable wave by allowing the atmosphere to 
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remain locked in • quasi -re sonant configuration. The purpose of this study Is 
to sssess that potential with a truncated, two-layer quasl-geostrophlc model.. 

Ctader the impetus provided by the pioneering effort of Lorens (1960) on 
the design of spectral models, a large number of studies have followed 
providing valuable Insight into the non-linear dyu£S<cs of forced, dissipative 
planetary-scale motions. Some of the more recent studies are those of Vlckroy 
and Dutton (1979), Chaney and Devore (1979), Chaney and Strauas (1980), 
Mitchell and Dutton (1981), and Boviiie (1981). These models reveal a rich 
variety of behavior arising from the non-llnearltles such ss multiple 
stationary solutions, bifurcations from stationary to periodic solutions, 
amplitude vacillations, and hysteresis. 

We shall initially account for nonlinear wave-mean flow Interactions by 
neglecting wave-wave interactions and by representing only the gravest mode In 
the north-south direction and a single wive In the east-west direction. No 
restrictions on the wave amplitude will be Imposed. This Is to be contrasted 
to the approach of Pedlosky (1970, 1972, 1980) and Plumb (1979, 1980) who 
assumed a priori the noollnearlties are weak and thus wave-wave Interactions 
arm negligible at least for the leading order solution. We a.iall be 
particularly Interested In whether period-doublings can occur In response to 
changing external forcing and whether they are predicted by the Felgenbaum 
formula. 

In section 2, the model is developed and la section 3 the long-term 
evolution of e beroclinlcally unstable dlsturbeoce without topography Is 
considered. The effects of topography are considered In section 4. 



'S. ... 


2. Theory 


The doaaln of lotereet will be e aid-let itude 0 -plane channel of width 
«/t where 1 Is the north-eouth wevenuaber of the gravest node. The wive 
amplitude will be constrained to attain a single maximum at the alddle of the 
channel and to fall off to aero at the sides. Vertical structures of the 
quasl-geostrophlc screen function p and the vertical velocity u trill be 
represented In the two-layer nodal of Fig. 1. The thickness of each layer Is 
500 ab. The variables p and n are accounted for at the levels shown. The 
upper boundary condition where the pressure is zero Is u ■ 0 for the vertical 
notion associated -.Hth the wave. The boundary condition at 1000 mb lr. 


♦ ♦ 

u> ■ - gp V *Vh 

0 o g s 


where we have assuned that the 1000 ab surface deviates in height so little 
from the terrain that v 0 ■ w g • Vg*Vh c , where h a Is the terrain height. 

The quasl-geostrophlc equations are, see Holton (1972), 


1^ V 2 P + V f . V <v 2 p ♦ f ) - f 0 15 - <w 2 p 


L_ ^ . J (*i) ♦ S- * - - -J. d (it) 

at l a P J + g v l a P J+ r p f c t d W 


where p Is the geoetrophle streaa function, l.e. Vg • k * Vp, f the Coriolis 
paraanter (f ■ ( 0 ♦ By), J le the radiative heating rate per unit aass (In 
Joules kg~ls'l), 'j the specific heat of air at constant pressure, and o a 


constant stability paraaster. Turbulent viscous dissipation of kinetic energy 
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has been accounted for wlch a Rayleigh frlcCion term in vorcicicy equation 
(2). The dissipative time constant, d"* , was choseo to be 5 days. The flow 
will be forced by external radiative heating that la linearly dependent upon 
the deviation of the zonally-averaged temperature from a specified radiative 
equilibrum field. 

A thermal dissipation term has also been Included in (3). It will be 
assumed to act only on tne wave-like part of the temperature pattern and it's 
form Is the same as that of Rayleigh friction term. 

The subscripts 1 and 3 will denote the levels shown In Fig. 1 at which 
the stream functio will be represented. The spectral expansions are 

♦l,3 “ " °l,3 g o (y) + A l,3 g l <X * y) + B l,3 g 2 (x * y) (4) 

« • w 0 8 0 (y) +W A g l^ X ’ y * * w B g 2 (x ’ y * < 5 > 

whera 

g 0 (y) ■ y 

gj(x, y) - cos(ty) sin(kx) (6) 

g 2 (x, y) ■ cos(ly) cos(kx) 

This choice of functions differs from that of Charney and Straus (1980) 
and In some ways is simpler. They represent the tonal 1 y-ave raged portion of 
the stream function as a cos(ty). The choice of a linear field in y was msde 
to facilitate a more representative thermal forcing field with cooling In the 
northern portion of the channel and warming to the south. A sinusoidal 
heating field Is unrealistic and since radiative forcing plays a crucial role 
In the model it makes sense to model it accurately. The above expansion also 
satisfies the necessary lateral boundary conditions for the chancel, namely: 
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j * ♦ 

The geostrophlc flow vanishes at y ■ ± w/2 i end j— J c (7t‘n)dt * 0 for all z 

where c la a closed horizontal curve including the walls at y • * w/21 and 

♦ 

portions one to east-west wave apart connecting the walls, n is normal to c. 

The wave la constrained to have its ridge and trough lines oriented 
north-south and thus barotroplc wave-mean flow Interactions are precluded. 
Por simplicity, the undulation of the lower boundary will be expressed as 
gj(x, y)» i.e., the height h, la 

\ - h A « 1 < x * y>/<“ »> 0 > < 7 > 

Thus at 1000 mb 


<■» 



B 3 h A g o (y) + 


g 2 (*. y) 


( 8 ) 


Use has been amide of the orthogonality of go, g} , and g2 over the region R 
defined by 0 < x <_ 2x/k, - t/2i <_ y <. + w/2i. Also note that 

( 9 ) 

// R g 0 2 (y) d xdy , // R {g^x, y), g 2 2 (x, y)} dxdy - 

6ki 

If the vortidty equation (3) is averaged over the Interval 0 < x £ 2w/k, ws 
find that dc* 0 /9p ■ 0 at levels 1 and 3. Thus the zonal mean vertical motion 
field must be equal to Skt^hgy/w^ at all levels and from continuity the mean 
ageoa trophic meridional flow, v^g, will be Independent of y. The mean flows 
U| and Uj can thus chcnge in response to the Coriolis torque acting on v^g. 
There are no Reynolds stresses to accelerate the mean flow. 

The spectral equations are derived by substituting Eqs. (1) and (2) into 
(3) end (4) asking use of (6), (7), and (8). 





27 


IC io cooveaienc Co separate Che streaa function and mean wind fields 
loco vertically - averaged barotropic and sheared or baroclinic components. 
Lee 

(Uj U 3 ) - (U + AU, U - AO), 

(Aj A 3 ) - (A + AA, A - AA), (10) 

and 

(Bj B 3 ) - (B + AB, B - AB), 

The vortldty Eq. (2) can then be rewritten 

-k 2 A - -Voe 2 (UB + AUAB) + k0B + dic 2 A, (II) 

-k 2 AA - -kie 2 (UAB + BAU) + k0AB + f «./? + dic 2 AA, (12) 

O A 

-k 2 B » be 2 (UA + AUAA) - kflA + f Q kh A (U - AU)/2P + dic 2 B, (13) 

-ic 2 AB - toc 2 (UAA ♦ AAO) - kfiAA + f »,/P - f kh.(U - AU)/2P + <k 2 AB, (14) 

O 5 O A 

The thermodynamic Eq. (3) becomes 

AU - 3ki 2 (BAA - MB)/* 2 - 3kt 2 oP(B - AB)h. /(2f » 2 ) - RJ /(2f c ), (15) 

AO O O p 

AA - k(UAB - BAU) + oFh> A /2f o - dAA, (16) 

and 

AB - k(AAU - UAA) + oPto_/2f - dAB. 

5 O 


( 17 ) 



I 


►j A. 


vi,. 
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H Is the gas constant for air, tc^ = fc2 + t2, j - y and tlr* derive tives ire 
denoted with a dot. Reference to the vertical notion field can be suypressed 
by eliminating ug and ug between (12), (14), (16), and (17). Theae f>ui 
equatlona can then be replaced by # 

f 

> 

-(k 2 + X 2 )AA - -k(r 2 + X 2 )UAB - k(ic 2 - X 2 )BAU + d(ie 2 + X 2 )AA (18) 

* 

and ; 

t 

# 

\ 

-(•c 2 + X 2 )AB - lr(ic 2 + X 2 )OAA + k(ie 2 - X 2 )AAO - f kh.(U - AW)/2P (19) f' 

O A < 

+ d(< 2 + X 2 )AB ! 


where 



(20) 

i 

i 


la 2 * /Lr. Lr la the Roasby radius of deformation (about 4350 be). 

It Is convenient to non-dlaenslonallse the equations by rescaling 
dependent and Independent variables, table I shows the variables and 
corresponding scales, where # 0 and U Q are arbitrary amplitudes. 


TABLE I SCALING OF VARIABLES 


VARIABLE 
A, AA, B, AB 
U, AW 

t 


SCALE 

♦o 

®o 

l/(k0 o ) 


y 



1 

i 


i 

i 

] 

I 

1 

j 

i 

I 

t 


'4k 
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A amber of dloenslooless parameters arise from chls process* They are 



H 


2 



r 


o 




K 




( 21 ) 


* < 

U c 5 U c *X~2 
*c + X 


A ir 

bib * 


° ° K 2 ♦ X 2 
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Th« tonally-aye trie heating term in (IS) will be expressed as 
RJ 0 /2f 0 ■ r(A0 - A0 e ), where A0 e Is an equilibrium mean wind shear which 
through the thermal wind equation can be related to a meridional temperature 
gradient AT 9 . 

With these definitions the following set of spectral equations results: 


A “ (0 - 0 )B + AQAB - d A (22) 

c o 

B - - (0 - U )A - AUAA - b (U - AO) - d B (23) 

COO 

AO - - H^AAB - BAA) - H^B - AB) - r(A0 - A0 # ) (24) 

AA - (U - U*)AB + RBAO - d AA (25) 

c o 

AB - - (0 - 0*)AA - RAAO + b*(0 - AO) - d AB 
c o o 


( 26 ) 


fi I -Vi 
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3. Topography - free model 

When h A is zero, Che coefficients b 0 , b$, and H 2 in (22) Co (26) are 
zero. Although it is not immediately obvious, Che resulting equations 
actually only have 4 degrees of freedom instead of 5. In the Appendix, Eqs. 
(22) to (26) are written explicitly in terms of the amplitude and phase of the 
barotropic and barodlnlc waves* It is then shown how one phase is arbitrary 
and the remaining 4 coefficients are Independent of it as first shown by Baer 
(1970)* This reduction in degrees of freedom is not possible with topography 
and we have our first indication of the fundamentally different nature of the 
topographic and non-topographic models. 

One solution to the time-independent equations without topography is 
A a B a AA a AB a 0 and AU - AU e * There is no wave present and the mean wind 
shear assumes the equilibrium value. The vertically averaged mean wind U is 
arbitrary. This will be called the Hadley solution. It is appropriate to 
examine its stability to infinitesimal perturbations whose time dependence is 
of the form e^ <it . The problem reduces to the form 

(M - uil) S - 0 

where 



. bvj- . 
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S is the column matrix (A* , B', AA', AB' , AO'), Where the primes denote 
perturbations from the Hadley solution. For the present case A, B, AA, and AB 
are zero In (27). There are five elgenf requencles of M, one of which Is - r 
by Inspection. The other four occur as conjugate pairs with negative real 
parts for k? > A 2, l.e., for a disturbance wavelength shorter than the Rossby 
radius of deformation. For larger wavelengths, the Hadley solution can become 
barodlnlcally unstable as evidenced by the fact that one pair of eigenvalue 
crosses the Imaginary axis with non-zero speed from negative to positive 
Re(u>). A Hopf bifurcation has occurred, Narsden and McCracken (1976), as the 
steady Hadley solution loses Its stability co a new periodic Rossby solution. 
For even longet wavelengths, the Hadley solution can regain Its stability as 
the same conjugate pair recrosses the Imaginary axis. The waver umber at which 
these transitions occur depends upon the equilibrium wind shear AU e but is 
Independent of the mean wind u. The transition between the Hadley and the 
Rossby solution Is shown in Fig. 2 as well as the e-folding time In days 
associated with the Instability of the Hadley solutions. The transition or 
Hopf bifurcation curve is associated with an infinite e-foldlng time. 

So fsr we have mostly reworked the two-layer barodlnlc Instability model 
of Phillips (1954). He shall now examine Che .ature of the Rossby solution 
that evolves as a result of the Instability and also determine Its stability 
to Infinitesimal disturbances. 

Assume the periodic solution consists of a constant amplitude propagating 
wave. The frequency Is «*, and AU is held constant. Let 
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/A \ 


f- B\ 

e 

B 


A 



> 

AA 


- AB 

kJ 


A k 1 


( 28 ) 


Chen (22) to (26) become a set of coupled algebraic equations. They are 
solved by first expressing A and B In terms of AA, AB, and AU using (22) and 
(23). Define 


D = d 2 + (U - U + w) 2 
o c 


and 


c “ - (0 - U + u)/D 
1 c 


c, - d /D 

L O 


(29) 


Then 


A - c^AUAA + c^AOAB 


B - - c 2 A0AA ♦ CjAUAB . 


(30) 


v . 


If (30) Is substituted Into (23) end (26), ms find 


- d o - CjBAU 2 


0 - 0* ♦ u ♦ CjlAO 3 ^ / AA 


^ (0 - 0* ♦ «) - CjBgq 2 - d Q - CjBAO 2 



- 0 (31) 


» 
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Because of che special forth of Che coefficient matrix, non-trlvlal solution 
for AA and AB can exist only If all che elements are zero. If Che definldona 
of ft, ci, and c? are used, then 


tf + V - 0.5 U (2k 2 + A 2 )/ (k 2 + X 2 ) , 

c 


AU 2 - C (* 2 + X 2 )/(X 2 - k 2 ) . 


Thus both the mean shear and tha Doppler-shifted frequency of the periodic 
solution are determined. The wave amplitude Is found from the thermodynamic 
equation (24). Note from (30) chat the amplitudes of the baroclinlc 
component, (AA 2 + AB 2 )*/ 2 , and barotroplc component, (A 2 + B 2 )*/ 2 , are related 


7 7 7 7 7 

A + B - AU (AA + AB )/D 


The baroclinlc wave amplitude squared Is, using (24), 


7 7 (AU - AU) 

AA 2 + AB 2 ■ r - c - ^ u- 


Two conditions emerge for the existence of the periodic Rossby solution: 


i. X/k > 1 such that AU is real in (33) 
ii. 0 < AU < AU C such that AA 2 + AB 2 is real in (35) 
assuming AU* is positive, i.e«, cold air to the 
north In the radiative equilibrium state. 


Condition 1 restricts the east-west wavelength to be greater than the ftossby 
radius of deformation; however it is not sufficient tc Insure that the 


» i 



periodic solution exists. For wavelengths a little longer than the radius of 
defoliation A.0 la very large, condition 11 la violated, and the thermodynamic 
equation la not satisfied. The wave cannot transport heat northward fast 
enough to counter radiative heating at low latitudes and cooling at high 
latitudes. Thus there la both a dynamical constraint, condition 1, and a 
theraodynaalcal constraint, condition 11, that must be satisfied for a steady 
propagating Rossby wave to exist. These points are Illustrated In Pig. 3 
where AA* +• AB* Is shown as a function of horlsontal wavenumber by the solid 
line. The range of wavenumbers over which the Rossby solution exists 
coincides exactly with the range over which the Radley solution is unstable. 
The wind shear, shown by the dashed line. Is less than AC c for thesa 
wavelengths . 

Fig. 4 shows the amplitude of the propagating nonlinear Rossby wave In 
the unstable region. For a given equilibrium shear AU«, the most unstable 
wavenumber in Fig. 2 does not achieve the maximum amplitude in Fig. 4. The 
longer wavelengths, typically, achieve larger amplitudes in spite of the fact 
that their initial growth rates are not as large as the shorter more unstable 
wavelengths. This results from the fact that the longer wavelengths do not 
reduce the wind shear, AU, as much below AU C as the shorter more unstable 
waves, see Fig. 3. They thus have more available potential energy to tap and 
eventually achieve a larger amplitude. Figs. 3 and 6 show the time -evolution 
of wavenumber 4 kinetic energy and associated mean shear, AO, for an initially 
small disturbance to the unstable Radley solution tfeen A0 ( ■ 20 ms”*. In this 
and all subsequent numerical Integrations the algorithm of Lorens (1963) was 
used. Large and slowly damped oscillations in the energy and shear occur aa 
they approach the propagating Rossby wave solution. The oscillations are 180* 
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FIG. 3 Hadley and Rossby solutions without topography. Solid curva la ! 

amplitude of Rossby solution, AA^ + 4I», and dashed curve is Che ' 
shear, AU. Rossby solution exists if A(J < AU,. Kb Is wavenumber of | 
Rossby radius of deformation. 1 
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out of phase with each othe as wave and mean flov Interact via the wave heat 
transport and associated mean meridional vertical motion field. 

Our analysis of the topography - free model will be completed by 
examining ths stability of the periodic Rossby solution to infinitesimal 
perturbations. This step is complicated by the fact that the coefficients of 
the resulting perturbation equations are time dependent. Let the subscript R 
be used tc denote a variable associated tilth the Rossby solution. According 
to (28), we can L* 


A r » Ag sin (wt) -*• Ag cos (wt) 

B^ - - Ag cos (wt) + A^ sin (wt) 
AA^ • AAg sin (wt) + AAg cos (wt) 



(36) 


AB^ • AAg cos (wt) + AA^ sin (wt) 


/ 


Let Sr be a column matrix representing 
the Rossby wave. Then 


the infinitesimal disturbance to 


Sr - Hr \ . (37) 

where M is given by (27) but with A, B, AA, and AB replaced by the right sides 
of Eqs. (36). 

Consider the change in S over a period, T = 2x/w, associated with the 
propagating Rossby wave. Floquet theory, loose and Joseph (1980), deals with 
the linear stability of time periodic states and the object is to find the 
complex Floquet multipliers N^, 1 ■ 1, ..., n. For the present problem, 



a - 5. If the modulus of each Hi la less than unity, the basic state Is 
stable. If at least one Is greater than unity. It is unstable. Marsden and 
McCracken (1976) presented a siaple numerical technique to find Mi. Integrate 
the equation A ■ Mp A, where A Is n x n, numerically from an Initial state 
given by the unity aatrlx over exactly one period. 

The eigenvalues of the resulting aonodroay aatrlx A are the multipliers. 
Marsden and McCracken (1976) show that one multiplier will always be + 1 and 
thus the stability Is found from the aodull of the remaining four. This 
technique Is particularly attractive sines It can be applied to periodic 
solutions which are determined analytically or ouaerically. When topography 
Is Included in the aodel, we shall find that siaple analytical periodic 
solutions are no longer available. 

The periodic Rossby wave solution was stable under all conditions. In 
fact, the Floquet multipliers are all Independent of U the nean zonal wind 
speed* Rossby waves have been shown to be unstable under certain conditions 
either due to a Rayleigh type of Instability of the aean flow, Lorens (1972), 
or to resonant Interactions between the disturbance and the Rossby wave In the 
weak Interaction liait, Gill (1974) and Clark (1978). Both of these 
aechanlsas are precluded from this study. 



4. Effect of Topography 

la this section we shall investigate how topography affects the steady 
solutions, their stability, and the long-tens evolution of initially 
barodlnically unstable disturbances. 

A solid lower boundary can exert two kinds of drag on the atmosphere. 

One is a frictional drag due to tangential stress at the boundary. The second 
is a fora drag or normal stress due to pressure differences across undulations 
In the lower boundary. In this model the former stress does not occur since 
internal viscosity is not allowed for while the latter can occur with 
topography. Consider the form drag exerted on the fluid in the x-dlrection 
averaged over a wavelength: / p s (3h s /3x)dx, where p 8 is the surface pressure. 

When this is integrated by parts it becomes proportional to / h 8 vgdx. If Eqs. 
(4), (7), and (10) are used, the integral can be evaluated and it is clear 
that we can Interpret the term H 2 (B - AB) in Eq. (24) as the tendency of the 
form drag to change the mean shear. As we shall see, the topography permits 
new time Independent equilibria aside from Hadley solution of the previous 
section. We can now have solutions consisting of stationary finite-amplitude 
waves and associated mean zonal flows. A new fora of instability of these 
equilibria called form-drag instability by Charney and Straus (1980), 
hereafter referred to as CS, can occur. The instability results if an 
increase (decrease) of mean shear, AU, from an equilibrium is associated with 
a decrease (increase) in the form-drag leading to an amplifying disturbance. 

CS were also able to demonstrate that form-drag instability is closely 
related to a resonant state being approximated where the mean flow 
configuration is such that a Ross by wave disturbance to a Hadley circulation 
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is close to being stationary. Growth of the wave ensues as long as its 
wavelength is the same as that of the topography. 

An appropriate question here is whether these two views of form-drag or 
topographic instability are mutually exclusive or la a comprehensive 
understanding of the phenomenon to be gained only by considering both 
mechanisms. CS do not clarify this point. 

Pig. 7 shows the solution to Eqs. (22) to (26) obtained by setting all 
time derivatives equal to zero. A single equation in AU la formed which Is 
solved numerically. 0 and AU e are set equal to 20 me -1 . For certain values 
for the horizontal wavelength of the topography and the associated stationary 
wave, multiple solutions are possible. The Hadley solution shown by the 
horizontal line has AU - 20 ms" 1 and, of coarse, is Independent of wavelength. 
It is stable for wavelengths smaller than the Rossby radius of deformation 
(1 R ) and becomes barodinically unstable for wavelengths larger than about 
5500 km. A Hopf bifurcation, Marsden and McCracken (1976), occurs at the 
critical wavelength as a pair of eigenvalues of the stability matrix crosses 
the imaginary axis. An analytical form for the periodic solution could not 
be found and thus all Inferences about Its behavior were obtained from 
numerical solutions. 

At ultra-long wavelengths corresponding to zonal wavenumbers 1 to 3 and 
short wavelengths for wavenumber 7 or greater, e pair of stationery Rossby 
solutions appears. The high Index solution (with relatively small wave 
amplitude) Is unstable (except at vary small wavelengths where It exchanges 
instability with the Hadley solution) and the low Index solution Is stable. 
The Instability of the high Index mode la evidenced by a single eigenvalue of 
the stability Mtrlx having a positive real part. The amplifying disturbance 




Steady solutions with topography (amplitude 500 a). X ^ is Rossby 
radius of derforaation* Dashed curve are resonant shears. 
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Is thus stationary and the growth la related to the form-drag associated with 
the topography. 

The dashed lines la Pig. 7 Indicate the shear, AU, for which a resonant 
response to topographic forcing would occur, tn the absence of dissipation 
and If AU e - AU, the time-independent solution to Eqs. (22) to (26) Is 
B * AB * 0 (the topography varies as sln(kx)) and A, AA, and A’ are determined 
from 



An unbounded response to the topography occurs when AU attains that value for 
which the determinant Is zero: 

AU - AU - ± [(U - U ) (U - UJ/R] 1/2 5 AU b (39) 

e v c c J k 

A finite-amplitude stationary wave is excited by the topography for AU e * AUg 
provided the mean flow In the lower layer, U - AU, Is nonzero. The dashed 
lines In Pig. 7 show the resonant shear and both the high and low index modes 
are associated with shears that are close to resonance. 

The time-independent solutions to the model depend strongly on the 
radiative forcing. Pig. 8 shows the Hadley, low Index, and high Index modes 
as functions of AU C when U ■ 20 ms'l. A Hadley solution strictly exists only 
when the wave amplitudes are zero. This can occur when AU ■ AU a » U • 20 as~l 
since the zonal flow In the lower layer will be zero. The label Hadley will 
••till Apply Co those solutions for which AU ~ AU C even though a weak wavs Is 
excited by the topography. The modal can catastrophically transform from a 
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Hadley configuation Co a low Index or blocking configuration for small changes 
in AU e for both the shore and long wavelengths. Furthermore the blocking 
pattern can be highly stable to further changes in AU e irrespective of their 
direction. 

Pig. 9 illustrates the nature of the instability of the high index flow 
at wavenumber 3. The tendency of AU is plotted against AU by solving Eq. (24) 

• s • • 

assuming A, B, AA, and AB are zero in (22), (23), (25), and (26) respectively. 
Barodinlc Instability of the Hadley solution is thus suppressed. The low 
index solution is meta-stable. Only very large positive departures of AU 
beyond the value for the high index equilibrium can amplify with time. The 
high index equilibrium is clearly unstable with positive (negative) departures 
in shear tending to approach the Hadley (low index) equilibrium. The 
variation of the form-drag, -H 2 (B - AB), with AU is illustrated by the dashed 
line. Maximum westward drags are achieved at shears close to resonant values 
of Eq. (39) shown by the heavy arrows. The resonant shear must lie to the 
right of the low index equilibrium to render it unstable since positive 
(negative) departures of AU decrease (increase) the eastward drag. The high 
index mode is stable by similar reasoning. 

The proximity of a resonant configuration to an equilibrium is thus 
necessary but not sufficient for it becoming unstable. Note however that the 
coincidence of an equilibrium with resonance would not render it unstable. 

The growth of a quasi-resonant disturbance to a finite-amplitude wave 
equilibrium is only guaranteed if the resonant sheer Is to the right of the 
critical shear in Fig. 9. 


This relationship is further illustrated in Fig. 10 where the wave 
amplitude Is shown as a function of the equilibrium sheer, AU # , for wavenumber 






. \ . 



FK. 9 Shear tendency (AU) end fora-drag, both diaensionle«s. for 
vavenuaber 2. AU, - 20 m~K AUr indicate, resonant shear 
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3. Without dissipation an unbounded amplitude appeera aa the resonant shear 
A0g given by Eq. (39) le approached. With dissipation, aa shown by the solid 
lines, three equilibria are possible for AU t > A0g. The low Index and high 
index shears A0 (not shown) for wavenumber 3 arc on either side of the 
resonant shear. The presence of dissipation Is this indispensable to multiple 
equilibria in the steady state model. 

The primary purpose of this section is to study rhe effects of topography 
on the barocllnlcally unstable disturbances to the Hadley equilibrium in Fig. 
7. The results of a stability analysis of the Hadley equilibrium are shown in 
Mg. 11. The dashed lines are the shear, AU, of the Hadley solution which is 
smaller than A0 # with topography (without topography they are equal). If this 
figure is compared with Fig. 2, it is seen that the topography stabilizes the 
Hadley solution for small A0 t , whereas for large AU« the enfolding times are 
roughly equal for wavenumbers 3 to 5 but are increased for wavenumbers 1 and 
2. The ultra-long waves are stabilized with large radiative forcing because 
the topography reduces the shear via the form-drag and thus the store of 
energy for the wave to feed uoon. 

A series of numerical integrations have been carried out to determine the 
long-term evolution of wavenumber 5 unstable disturbances (the topography has 
the same wavenumber). Runs with forcing, AU C , just above the onset of 
Instability (a little lass than 13 ms -1 ) evolve into singly-perlodic 
solutions. The period (about 3 days) can be anticipated from the imaginary 
part of the pair of eigenvalues that cross the imaginary axis at the Hopf 
bifurcation. Fig. 12 shows the wave kinetic energy and shear from day 30 to 
ISO for AU a • 0 • 20 »'*. They oeclllate 180* out of phase with each other. 
The solution consists of * eestward propagating finite-amplitude wave whose 
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amplitude modulate# a# It cooes Into and out of phase with the topography. 

The period of the modulation Is thus the same as the wave period. The 
baroclinlc conversion of zonal available potential energy also influences the 
wave amplitude but both effects (baroclinlcity and topography) are in phase. 
Fig. 13 shows the baroclinlc, topographic, and radiative generation of zonal 
available energy as well as the shear (proportional to the zonal mean 
temperature gradient) over a period. Both the baroclinlc and topographic 
energy sources lead the shear by about 90*. 

When the forcing exceeds 23.53 ms~l, a doubly periodic solution appears, 
see Pig. 14, with the fundamental period of 5 days still present but with a 
harmonic with period 10 days appearing. The modulated finite-amplitude wave 
still propagates eastward with a period of about 5 days and thus the form drag 
oscillates at the fundamental frequency. The baroclinlc and topographic 
eeergy '^"versions are still in phase, see Pig. 15, but the baroclinlc 
conversion has the fundamental as well as the first harmonic. An increase of 
the forcing beyond 24.36 ms~l induces an additional subharmonic of the 
fundamental with a 20-day period. A 40-day period appears beyond 24,54 ms~l 
and the solution becomes aperiodic when AU e exceeds 24.6 ms"*. These findings 
are summarized in Fig. 16. 

A Floquet stability analysis of the singly or doubly periodic solution in 
the vicinity of the points where the new harmonics first appear can help 
determine the values of AU e at the points and also verify that indeed a 
subharmonic bifurcation has occurred, i.e., that the singly periodic solution 
has exchanged stability with a doubly periodic one. Let E* be the Flouquet 
exponent related to the multiplier by the formula 

H t - mV , (40) 
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Diagnosis of doubly-periodic solution of Fig. 14 
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loos* and Joseph (1980). If a solution of period 2T appears at the 
bifurcation point then Ei ■ 2x1/ 2T and thus - - 1. A subharaonic 
bifurcation occurs at that value of AU e for which the modulus of this 
aultiplier is unity. This can be used as a means of finding the precise 
location of a bifurcation point. Visual inspection of the solutions yields 
only very rough estimates of the critical forcing AU C . One of the multipliers 
of the monodromy matrix will still be + 1. It is possible, but unlikely, that 
two of the multipliers could simultaneously cross through - 1 at the 
bifurcation point but this would almost certainly yield a new solution whose 
period is not an Integral multiple of the fundamental. This behavior is not 
often observed in geophysical models. 

An interesting side benefit of the Floquet analysis is that it permitted 
the period of the fundamental or doubly periodic solutloo to be precisely 
determined as the forcing changed. It is only when the numerical Integration 
to determine the monodromy matrix is carried over an exact period that one of 
the - + 1. Both periods increased slightly with Increased forcing. For 
Instance the fundamental period Increased from 4.96 days to 5.03 days from 
AU, - 13 to 23.53 ms -1 . 

A sequence of subharmonic bifurcations leading to a chaotic or aperiodic 
solution for a barodlnlcally unstable initial mean flow has been found. In 
this model the presence of a sinusoidally varying solid lower boundary was 
necessary to stimulate the multi-periodic solutions. Only constant amplitude 
waves evolve in the topography-f ree model. The topography la not always 
necessary however, for multi-periodic solutions. Pedlosky and Fensen (1980) 
developed an asymptotic two-layer nonlinear model for marginally 
barodlnlcally unstable waves without topographic forcing. In response to 
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varying dissipation, harmonics of the fundamental frequency can evolve just as 
In this model. 

The intriguing aspect of this study is that the values of the forcing, 
AU e » at which the subharmonic bifurcations occur closely follow the hypothesis 
of Felgenbaum (1978), namely, if AU e , n is the n^ bifurcation value, 

AU - AU . 

r n 5 AP ' 1 -tu , * ‘-“ ,2 for " Ur «*- <“> 

6 , 0+1 e,n+2 

Pedlosky (1981) did not obtain such close agreement. 

Felgenbaum considered one -dimensional smooth mappings of a closed 
interval upon Itself with a single maximum. It seems unreasonable to expect 
chat the hypothesis should work for a multi-dimensional differential system 
like ours and yet it does. 

An appropriate question with a severely truncated model like this one is 
how sensitive the results are to the degree of truncation. Is the sequence of 
period doublings in response to changing external forcing merely a feature 
unique to low order models? All the runs with initially barodlnlcally 
unstable disturbances were repeated, but with two additional modes in the 
north-south direction in addition to the gravest mode, l.e., cos(iy), 
cos(21y), and cos(3iy) modes were Included. One wavenumber in the x-dlrectlon 
was only represented. A similar sequence of bifurcations of the periodic 
solutions were obtained leading to aperiodic behavior beyond a critical 
forcing. Felgenbaum's formula was reasonably satisfied again. 

An Interesting phenomenon occurs as AU C is Increased well beyond the 
value for the onset of aperiodic flow. A region of doubly-periodlc flow 
appears In the chaotic region, see Fig. (16). Possibly a reversed bifurcation 
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DISCUSSION 

Topography has affected the steady solutions, their stability, and the 
long-tena evolution of baroclinically unstable waves in a fundamental way. It 
has provided an additional degree of freedom to the model that has enabled 
multi-periodic and aperiodic solutions exist. Calculations with smaller but 
finite amplitudes for the topography reveal a similar sequence of subharmonic 
bifurcations with increasing radiative forcing. And yet, with no topography 
chis behavior is entirely absent. Is the transition from the singly-perlodlc 
non-topographlc behavior to the multi -periodic, bifurcating behavior gradual 
or sudden? Both the non-topographlc and topographic models exhibit singular 
behavior at the value of forcing for which the Rossby and Hadley solutions 
exist. Part of the problem with the topography-free model is that the 
behavior of the Rossby solution near the singularity is not properly described 
because of too few external parameters. Shlrer and Wells (1982) outline a 
technique to add terms to the polynomial in AU describing the steady state to 
fully unfold the singularity by expressing it in the most general form. Their 
procedure can identify what parameters should be added to the non-topographic 
model and Indeed determine whether topography properly unfolds the 
singularity. Once that procedure has been completed, a proper evaluation of 
the role of topography can be made. Suffice it to say now that the 
topography-free model does not appear to be a generic one. 

Another geophysical system has been found where temporal behavior evolves 
via a series of sub-harmonic bifurcations to an aperiodic state, in this case, 
under the Influence of increasing zonally-symawtrlc heating. The preliminary 
Indications are that this behavlcr is not altered by the degree of truncation 





of Che presenc spectral model. Equally intriguing la the fact that the 
prediction of Feigenbaum (1978) for the positions of the bifurcation points la 
apparently verified for a batocllnlc model of arbitrary dimension. The fact 
that his formula la derived from a one-dlmenslonal mapping of a closed 
Interval upon itself suggests that the long-term behavior of many geophysical 
models tends to become one or two dimensional. Collet and Eckmann (1980) 
suggest how the time evolution of multi-dimensional systems in the vicinity of 
periodic solutions can he reduced in dimension by constructing a sequence of 
Poincare maps onto hyperplanes of dimension n - 1 in n-dimenalonal spaces. 

A frustrating aspect of this study was the apparent inacesslblity of 
analytic solutions for the propagating multi-periodic solutions with 
topography in spite of the simplicity of the spectral equations. The 
Lyapunov-Schmidt method, Iooss and Joseph (1980), could yield useful 
information about the singly-periodic solution near the bifurcation point at 
which the Hadley solution becomes baroclinlcally unstable la Fig. 7. It will 
give the initial terms in a regular perturbation expansion of the solution 
about this point. 



APPENDIX 


The purpose of this section is to show that the 5-coeff lcleot system 
without topography reduces to a 4-coef f lclent system. Introduce the amplitude 
and phase of the barotroplc wave, |a| and + respectively, and the same for the 
barocllolc wave, | B | and a, such that 


A - |A| cos 4 B - | A | sin 4 

AA * | B | cos a AB - |b| sin a 


(Al) 


Eq, (22) and (23) can be transformed to 


|A| - AU I B | sln(a - ♦) - d o |A| - b Q (U - AU) sin 4 (A2) 

♦ » - (U - 0 ) - [AO|B|cos(o - ♦) - b Q (U - AU)cos # )/ |A| (A3) 

similarly (25) sad (26) becomes 

| B | - RAU | A | sln(4 - a) - d Q | b| ♦ b*(U - AU) sin a (A4) 

a - - (U - U*) - [RAU|A|cos(a - 4 ) - b*(U - AU)cos oJ/|l| . (A5) 

If the topographic terms are dropped and the phases 
• d s a - ♦ 

(A6) 


are introduced (A2) to (A6) become 
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|A| - AO )B| sin 6 d - d o )A| , (A7) 

|b| - - RAU |a| sin « d - d o |B| , (A8) 

». - - - »C - “c> - 40 l-flf * * jtft “* e d • «»> 

and 

S 'd ■ ‘"c - o c ) » AU {-}|| - R CO. e d . UlO) 

Tha sat la completed with the thermodynamic equation (26): 

AU - - EjlAi jB| sin 8 d - r(AU - AU # ) , (All) 

where the form-drag han been omitted. 


The equations have an appealing simplicity when express A in this fora. 
The important feature in that |a| , |B| , 8^, and AU evolve independently of 8, 
and thus (A9) can be ignored rendering a 4-coef f lclent system. As soon as 
topography is Introduced, these 4 coefficients are no longer independent of 
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1, Introduction 

During the past thirty years several laboratory experiments on 
thermally-forced rotating liquids have been performed. They used a rotating 
annulus, Hide (1953, 1958) or rotating dlshpan, Fultz (1953, 1959), with an 
imposed radial temperature gradient. Even though the sphericity of the earth 
could not be accounted for, many properties similar to those of the real 
atmosphere were observed. These experiments produced a symmetric single- 
celled meridional circulation pattern both for small and large radial 
temperature gradients, known as the lower and upper symmetric Hadley regimes, 
respectively. For intermediate temperature gradients, a wave-like asymmetric 
circulation appeared in both experiments, and, especially for the rotating 
annulus, a simple pattern with one or two waves was present. Furthermore, the 
wavenumber decreased as the radial temperature gradient increased. However, in 
the rotating dishpan, as distinct from the rotating annulus, a more 
complicated changing wave structure resembling the atmospheric circulation was 
observed. 

Lorenz (1962) presented a detailed theoretical investigation of the 
rotating dlshpan experiment. The liquid was thermally-forced with an 
externally Imposed radial temperature gradient on the lower surface. He used 
a two layer model with a modified form of the quasi -geos trophic approximation. 
A highly truncated series expansion in terms of Fourier-Bessel functions for 
the dependent variables was used, and both the Hadley and Ross by regimes 
showed remarkable similarities to those observed experimentally, especially 
Hide's rotating annulus. 

One serious limitation of the laboratory experiments is that they did not 
simulate the spherical geometry of the earth. This study will examine the 
question of the existence and the properties of the Hadley and Ros ^ >y regimes 



for a spherical atmosphere. Lorenz's modified geostrophic model (1960) is 
used which is the same as the quasigeostrophic model but with the 

additional effects of a time varying static stability and thermal 
advection by the divergent wind. The model consists of two spherical layers 
around the earth and the flow is thermally driven by radiative heating. A 
Newtonian approximation expresses the heating as the difference between the 
actual temperature and a specified equilibrium temperature. The dependent 
variables are expanded in a truncated series of spherical harmonics that 
retains enough terms to allow a detailed analysis of the properties of the 
Hadley and Rossby regimes. The main topics of Interest are the 
basic properties of the transitions between the Hadley and Rossby regimes, and 
the transitions between wavenumbers within the Rossby regime. We shall 
emphasize the distinct features introduced by the sphericity and shall 
contrast our findings with those of Lorenz (1960) for the rotating dlshpan. 

In Section 2 a detailed description of the model will be given. 

Following this, in Section 3, the properties of the steady Hadley regime and 
its stability both to axisymmetrlc and wave perturbations will be studied. In 
Section 4 the equations for the steady Rossby regime are first solved 
analytically when one wave is present. Then after showing that only one 
steady wave can exist, linear perturbation theory is used to determine the 
transition conditions between wavenumbers within the steady Rossby regime. 
Finally, the structure of the steady Hadley and Rossby regimes for various 


rotation rates is obtained 
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2. Description of the Model 

Since we are interested in the fundamental properties of the 
Hadley and Rossby regimes which are sensitive to thermal advection by 
the divergent wind and variations in the static stability, the modified 
geostrophlc model of Lorenz (1960) is used. 

Thermal forcing is parameterized with a Newtonian heating approximation. 

A simple linear turbulent friction representation will be employed where 
the drag at the Interface separating the two layers is proportional to 
their velocity difference, and the drag due to the solid surface below is 
proportional to the velocity of the lower layer. A diagram of this model 
is shown in Fig. 1 where p « 300 mb. The stream function for the 
nondlvergent wind has the value ^ + t in the upper layer and ^ - t in the 
lower layer. The potential temperature in the upper and lower layers is 
6+o and 8-o, respectively. The fifth independent variable is the 
velocity potential which has a value in the upper layer and * in the 
lower layer to satisfy the conditions that u ■ 0 at the pressure levels 0 
and ??. 

The baroclinlc and barotropic vorticlty equations are 

1^- V 2 h» - JU,V 2 <j,) - J(t,V 2 t) - k 2 v 2 * + k 2 V 2 T - 6 |J (1) 

|^- 7 2 t - - J(*,V 2 t) - J(t, 7 2 *) + V-fV X “ (k 2 +2k 1 )7 2 T (2) 

+ k 2 V 2 * - 6 
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and ki and 2 k -2 are the coefficients of friction between the 
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where 8 

upper and lower layer arid between the lower layer and the underlying surface, 
respectively. The Jacobian operator J has the property that 


J(f g) .Mii.il 

jn.g; 3x 3y 3y 3y 


The two theraodynaaic energy equations are 


~ - J(*,e) - j(t,o) + oV 2 x - g 1 (e-e*) 


(3) 


If - - J(*,o) - J(T,e) + 7 x *ve - gl (o-a*) 


(4) 


where 9* and a * represent equllibriua tenperature fields and is the 
Newtonian heating coefficient* 

The systea of equations is coapleted with the linear balance equation 


2 3t 2 

fvS + * - * 3 V *8 


(5) 


where 


C (1/2) 


g 3 •“ E ~I 


((3/2) K - (1/2)*] 


I 

>) 


and 


•c ■ 


V 

\ 



75 


The five Independent variables are all expanded in a truncated series of 
spherical harmonics. The model is chosen to be weakly nonlinear in the sense 
that all wave-wave interactions will be neglected but wave-mean flow 
Interactions are accounted for. 

The spectral expansions are 


tii 0 0 0 0 n n inX -n -n -inX 

2 " *1 P 1 + *3 P 3 + Vl P n+1 e + *n+l P n+1 e 


t 0 „0 ^ 0 _ 0^ n 

7 * T 1 P 1 + t 3 P 3 + 1 


n inX t -n _-n -inX 
n+1 P n+1 e + T n+1 P n+1 e 


A_ 

2 


0 .0 . n _n inX 
‘2 P 2 + *n p a * 




-InX 

e 


( 6 ) 


0 - 0? P° ♦ 6° ?° + 0 n P n e inX + 0“” P’ n e _inX , 
0 0 2 2 n n nn 


0 

° ■ °o p o 


and 


• . 0 * .0 
0 ■°o p o 


where « is the earth's radius 
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Properties of Legendre polynomials are reviewed in the Appendix. 
The complex spectral coefficients oust satisfy the relation 






(- 1 )° 6 "° 
n 


» 


which Is necessary for p and 6 to be real variables. 

The stream function is chosen to be antisymetric across the equator to 
yield a sv use trie nondlvergent velocity field. The potential temperature and 
divergent velocity component are chosen to be symmetric across the equator. 
The meridional structure for the wave Is chosen to be the mode with the 
largest growth rate, l.e., the gravest mode. 

If th«> above expansions are used, then (1) to (5) become: 


- C 


dp 
1 dt 


1 “ k 2 V? 


' k 2 VI 


(7) 


- C 


dp 3 
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k 2 C 3 *3 “ k 2 C 3 T 3 
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C n+1 T n+1 “ l2Qn *n+l 
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d 0 ‘ 

i 

dt 


i *? e" »i *° e n 

1 n l,n,n 3 n 3,n,n 


. 0 . n,n ,0 

n +1 2 n+l,n ,2 


10 c , v 

✓ 2 ^ 


(15) 


do; 

dt 


- x 11 e -11 i n, ? ,-n /c - x -0 0 n i” n, A* n /c 

x n n n,0,n n A n n n, C,n n 


- v° 0 ° i 0 * 0 *°/c - g (o°- o° ) 

X 2 7 2,0,2 2 V 0 0 


(16) 
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20»(n«).^i - e" 


(17) 


(18) 


where 


c - 


(n 2 - .V /2 


n (4? - 1) 


C • fi(n+l) 
n 


and Q Is the eerth'e angular velocity. The factor* and are 

interaction coefficient* and their properties are reviewed In the Appendix. 
Since for each given zonal vavenuaber there 1* only on* Meridional node, the 
ridge and trough axe* will be parallel to asrldlans of longitude thus prevent- 
ing aerldlonal “ran* port of aoavntua and suppressing baro tropic wav* eean flow 
Interactions. Sl.'llarly, the trough and ridge axes of the teaperature wave 




\ 

N 




are oriented north-south. There is, however, no restriction on the phase 
difference between the etresa function ar.d the leotheres; thus, barodlnlc 
conversions of available potential energy to kinetic energy can occur. 

Merilees (1968) showed that a truncated spectral nodal will conserve the 
sue of kinetic energy and available potential energy as the original ps.tlal 
differential equations do in the absence of external energy sources end sinks. 
Furthersore, Lorens (1960) proved that the sue of kinetic and available 
potential enc gy, in the absence of forcing and dlsslpstlon, will be constant 
for the systea of equations chosen for this aodel with the following 
definitions for kinetic energy, K, and available potential energy, A: 


and 


vu* • 


K - 


A - 



(Vp’Vp ♦ Vi*Vt)a 2 cosfdXdg 


2s 

l(o 2 4«' 2 ) l/2 - oJa 2 cos*dld* 

0 


e« • «-[«] 


(19) 


^ 0 ) 


and [ ) denotes a horlsoncal average over an laobarlc surface. 


3. Steady Hadley laglaa 

a. Properties of the steady Hadley ragiaa 

A straightforward eolation of these equations la that for a tlaa 
independent sxlsyanetrlc flow. Due to the severe truncation in the axi- 
synastric teres, only a single-celled Hadley circulation is possible. 
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The solution Is obtained by setting all the spectral coefficients 
associated with wave disturbances and all the terns involving tine derivatives 
equal to tero is (7) to (18). The resulting 8 nonlinear equations can be 
reduced to one equation in 0®, 


0 3 

(op 3 * — — 


3 /2 E F 


*5- 


i »° 

g l 2 

3/2 E 


- 0 


( 21 ) 


where 


>2 « 3 

E 3 , D - k.0 2 ll0»(c?) 2 + m <e®) 2 ] 

Da z J 


and 


P 


S i 3/2 E 



0 

Note that 6 ^ twist be negative if the equlllbriua teaperature is higher in the 
tropics than in the polar regions. 

Once 1* known, the ocher seven variables defining the steady Hadley 
regiae can be found. The equations for Cq, 6^, and * n 


o 


0 

0 


0 * + vLs («j > 2 

°0 g l 


( 22 ) 



(23) 
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and 


0 

x 2 



( 24 )- 


Any real root of (21) must satisfy 9 2 < 0 implying that the temperature 

0 * 0 

decreases poleward. Equation (21) also requires that 0 2 < 0 2 < 0 implying 

implying that the meridional temperature giadient is less than the 
equilibrium meridional temperature gradient. This is physically reasonable 
since the external forcing continuously strives to increase the observed 
temperature gradient against the affect of a poleward heat transport which 
reduces the atmosphere's meridional temperature gradient. Also, (22) 

indicates that o^ > >0 implying that the Hadley cell circulation is 

0* 

always statically stable since 0 q is always positive. 

The structure of the meridional circulation can be seen in the sign 

0 0 

of x 2 « ? rom (24), \ 2 must be negative and since the divergent wind is 

3 ' 3 ^ X 

proportional to and the vertical velocity is proportional to — =■ 

y 3y 

a direct meridional circulation is implied. 

The stream functions have the form 


0. 108 ‘zMr *; 0 

L Da 2 


(25) 


0_ 48 ^ e 3 k l g 3 8 2 


( 26 ) 


and therefore the zonal velocity In the lower layer must vanish 
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Figs. 2,3, and illustrate the potential temperature and wind field 
structure of the steady Hadley circulation for typical atmospheric conditions. 

The time constants for both Newtonian heating and dissipation were chosen to 

0 * 0 * 0 * 

be 10 days. Typical values of 0^ , and 6^ for the observed winter 
circulation of the northern hemisphere are 


0" - 435.6, o" - 22.6, and 0" 


- 25.0 


A direct circulation is evident with warm tropical air rising and cold polar 
air (.inking. The meridional divergent wind is poleward in the upper layer and 
equatorward in the lower layer. The zonal velocity in the upper layer is zero 
at the equator and pole and reaches a maximum at 55‘K. The variables v^ and 
are not shown but they can be readily obtained noting that v^ * - v^and 

“2 * V 

b. Stability of the Steady Hadley Regime 

We shall now examine the stability of our analytical Hadley solution. The 
system of 8 equations, i.e., (7), (8), (10), (11), (13), (14), (16), and (17), 
representing the axlsymmetric part of the flow can be reduced to a system 

of 7 prognostic equations by eliminating using (17). When the steady 

Hadley solution is used as a basic state, these 7 equations determine the 

stability of the Hadley circulation to axlsymmetrlc disturbances. Over a 

* 

wide range of values for B^, six stable eigenvalues are obtained. There is 

always one neutral or zero eigenvalue indicating that there is an unknown 
parameter and associated process which has been Incorrectly omitted from the 
model. We plan to deal with this problem in a future study. 
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Figure 2 Upper layer zonal velocity profile for the steady Hadley regiae 
for • “ 25 as" 1 . 


? 


t ^ 
. I 


% 






-0.5 -0.4 -Q3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 

V, (ms" 1 ), u, (x I0* 4 mb*"') 

Figure 4 Meridional and vertical velocity profile for the steady Hadley 
reglue for 9? - - 25 aa" 1 . 
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The stability analysis of the steady Hadley regime is completed by 
considering both the axisymmetric perturbations discussed above and wave-like 
perturbations. The stability matLix can be partitioned into separate 
axisymmetric and wave submatrices. Therefore, the stability of the steady 
Hadley regime to wave perturbations can be determined independently from that 
of the axisymmetric perturbations. 

The wave stability analysis can be reduced to the following equation 
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+ 1(C n+l“ °3 ) *3 L n+l,n+l # 3 


(31) 
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2fln (n+2)e 
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end 


t: 


Solutions of the foie 




U - (B. + B. ) |i + (B. B. ~ B- B- ) ■ 0 

1)0 T*n 1 |ti A t,n J)A 


(32) 
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The findings of Che Hadley regime stability analysis appear in Figs. 5 
and 6 . For a disturbance of given east-west wavenumber, 

1 . Instability obtained for a range of equilibrium temperature 
0* 

gradients, 62 » bounded above and below, i.e., the Hadley re a * me 

0 * 

is stable for small and large 62 , see Fig. 5, 

11 . maximum e-folding times on the order of a day are achieved for an 

0 * 

intermediate » an< * 

ill. the growing disturbance tends to propagate westward for the small 
0 * 

02 , (or small equilibrium vertical shear) and eastward for large 
0 * 

0 2 . *«e Fig. 6 . 

For comparison, the stability analysis of the traditional Phillip's two-layer, 

quasi-geostrophlc 8 -plane model appears in Fig. 7. The stabilisation 

0* 

accompanying large 62 or vertical shear is clearly related to the 
high static stability produced in the Hadley circulation. Northward advection 
of warm air in the upper layer and southward advection of cold air in the 
lower layer by the divergent component of the flow will eventually suppress 
the baroclinlc instability associated with the vertical shear. 


* 
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figur* 


5 1M .-lol 11 "* tl “* 


(do,.) to. .» ““ t ‘ bU 


,t.»dr srtwr ” ,l “ 
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Figure 7 The tlae in days required for an unstable wave In the two-level 

aodel to double its aaplltude, given as a function of the vertical 
wind shear In the basic current and the wavelength. After 
Phillips (1954). 
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4. Steady Rossby Regime 

p . Properties of the Steady Roaaby Regime 

In the previous section the Radley circulation and its stability were 
studied. A wave-like disturbance can grow and at the same tlae alter the 
axisyametrc part of the flow. It is expected that eventually a new type of 
steady regime will be attained characterized by unlfcrxly propagating waves of 
constant amplitude and a time Independent axlsynmetrlc flow. 

We will first look at the steady Rossby circulation with just one wave 
present. Consideration of more than one wave coexisting at the same time trill 
be postponed until later. 

The steady Rossby circulation is determined by setting the time 

derivatives of the axisyometilc terms in ( 6 ) to (17) equal to zero. The 

0 0 0 0 0 0 

axlsyametrlc coefficients » ^3 * T j • x 3 » T 2 * * Qd ®Q * * re ** c ^ 

specified by the same equations as for the steady Hadley regime. 

Next a procedure will developed to express the wave part of the flow, 

l.e., , t n . , , 8 n , and x”* In terms of 0, and 0 ?. We will later derive two 

n+l oti n n L u 

0 0 

nonlinear equations in the two unknowns in 02 and Oq, whose solution will 
completely specify the steady Rossby circulation. By the same technique used 
to study the stability of the Hadley circulation, (9), (12), (IS), and 
(18) can be combined into the two equations: 


d Vl 


Vn^V^n+l 




and 


(33) 
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V s " 1 



zr - \X’°o<+i + \A'°oK 


(34) 


Since these are linear, they have the general solution 
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(38) 
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(39) 
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- l,n n 

n,B B“ f n+J.,B 

4 


(40) 


The Litter equations specify th- phase relationships between the 500 ab streaa 
funct.on and teaperature patterns. 





4 V' 


It was shown earlier that Re(u ) < 0 and, therefore, the wave solution 

2 

corresponding to u will decay to aero for large tiae. Therefore, for large 
2 

tiae, only the first expression on the right side of (35) and (36) need 
be retained. The requireaent that the steady Sossby waves have constant 
amplitude implies that 


‘-(l^) ■ 0 


U, *B, 

1 l,n 


bq. (14) can be written 


, * . o,0,“n n -n -n,0,n 

q y n+l v n+l n+l,2,n *n+l Vtt n+l,2,n 


0^0 /fl 0 
c 2 X 2 ‘ g l <8 2 


where q' denotes the complex conjugate of q. Using the properties 


n,0,-n _ 

n+l,2,n 


-n,0,n 

n+l,2,n 


■ (- 1 ) 

V n+1 v ’ ? n+l 


it follows that 
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(44) 


n+l,2,n 


' V 


The wave amplitude is thus determined. Its phase, however, is arbitrary. 

The characteristic equation for p is also (32) and is of the general form 

1 


Ax 2 + (B + Ei)x + (C + Fi) - 0 


(45) 


where A,B,C,E,F are all real and A.B are positive. If we follow the same 
procedure as Lorens (1962), we find that (45) has one root with a zero 
real part if 

AP 2 - B(BC + EP) - 0 


(46) 


j: 


Matching corresponding terms in (45) with (32) requires 

[Im(B B -B, B )J 2 
l,n 4 f n Z,n j,n 


* | 


- Re(B + B )[Re(B. + B. n )Re(B. B -B. B_ ) (47) 

a }Q * 1 f n 4 |H X | tl 4|tl Z|I1 3 |H 
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l,n 4,n l,n 4,n 2,n 3,n 


Another equation Involving 8^ and Oq can be derived by solving for 
X* in (15) and substituting into (16). If the properties 
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are used, it can be shown that 



n,0,-n 

n t 0,n 

„2 



n,n,0 

n+l,n,2 


2 2 

(gf - g;> 


+ 0 e o 0,0, 0/ o . cr } 

x 2 2 2,0,2' 2 g t V 0 0 9 


(48) 


Eqs. (47) and (48) 


were solved for 8 


0 

2 


and <s. 


numerically, after 


which the wave part of the solution and the phase velocity were found. 

Fig. 8 shows the phase velocity of the finite amplitude steady Rossby 


solution. 


Outside the region shown. 



2 


<0 implying that the calculated 


solutions of (47) and (48) are not solutions to the entire system. Since 
these equations are nonlinear, there exists the possibility of other solutions 
which are far away from the initial guess made In the numerical iterative 
technique. We could not find any such solutions and it is assumed that ours 
are the only acceptable ones. One significant point Is that the boundary In 
Fig. 8 exactly matches the boundary for the stability of the steady Hadley 
regime demonstrating that whenever the Hadley regime is unstable to a 
perturbation of a given wavenumber, a steady Sossby circulation will exist a- 
that wavenumber. If Figs. 6 and 8 are compared, we find similar values of 
phase velocity for large n, whereas there are two differences for smaller 
wavenumbers. First, both the maximum westward and eastward speeds are sig- 
nificantly larger in Fig. 8 and second, the stationary finite amplitude wave 
with sero phase speed occurs at a larger equilibrium temperature gradient 
than for the inf intea imal growing wave. 


2 3 

WAVENUMBER 


Figure 8 


Phase velocities («s“^) for the steady Possby regiae 
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Throughout this section only the situation with one wave present at a 
tlae was considered. If two waves with wavenuabers a and n coexist, both 
propagating with constant amplitude, (41) must apply for both wavenuabers 

separately. After calculating 8^ and ojj, It was found that either 

. a .2 0* 

is positive and negative or vice versa for all values of 8^ when the 

the steady Hadley circulation Is unstable. Furthermore since (41) would have 

to apply for each wave, there would be aore equations than unknowns and no 

solution for 8^ and ojj could be obtained. Therefore, our steady Rossby 

c rculatlon can exist only when one wave Is present. 


b. Stability of the Steady Rossby Regime 

Consider now the stability of the steady Rossby circulation. The steady 
Rossby circulation for a given wavenuaber will be Initially perturbed with a 
wavelike disturbance of another wavenuaber. As in the previous stability 
analysis of the steady Hadley reglae, the perturbation equations can be 
separated Into axlsyametrlc and wave parts. Since all waves are Independent 


of each ot>:er, the saae equations for the stability analysis of the steady 
Hadley circulation are retained except for the fact that the axlsyametrlc 
teras are for the steady Rossby circulation _c a given wavenuaber. The 
axlsyametrlc perturbation equations yielded six stable eigenvalues and one 
neutral eigenvalue as was found earlier. The wave perturbation equations are 


- V«< 0 ?> Cl * B 2,.<C e : 


j/* 


where m is Che wavenumber of Che perCurbaCion and 8^ and <Jq are Che values for 
a sceady Rossby drculaClon of wavenumber n. 

When Che wavenumber of Che perCurbaCion is Che same as chac of Che 
sceady Rossby clrculaCion, Che sCabiliCy analysis becomes much more 
compllcaced because Che sCabilicy equacions have Cime dependent coefficienCs. 
In chis slCuaCion Che sCabilicy was deCermlned by incegracing in time the 
complete syscem of spectral equations from a state far from equilibrium and 
seeing if it converged Co Che sceady Rossby circulation. These Integrations 
indicated that the sceady Rossby circulation is stable to a perturbation of 
the same wavenumber if it is also stable to perturbations at all other 
wavenumbers . 

0 * 

These results are summarized in Fig. 9. The abscissa is 8” and the 

ordinate n. The solid line indicates where the wavenumber n steady Rossby 

circulation is stable to perturbations of all other wavenumbers and the dashed 

line where it is unstable to at least one other wavenumber. The steady 

Rossby circulation allows the presence of only one wave at a time, 

0 * 

and as Id^ | Increases the wavenumber observed decreases from six to two. 

Also, it can be seen that the transition from one wave to another occurs 
abruptly, and that for all transitions including that between the lower 
and upper symmetric Hadley regime there exists no hysteresis effect, l.e., 

the solution for the steady Rossby circulation does not depend on whether or 

0 * 

not 0^ was increasing or decreasing as the transition occurred. 
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We also found an excellenC correspondence between the wavenumber of the 
stable observed wave of the steady Rossby circulation and that of the most 

unstable wave of the steady Hadley circulation. This correspondence holds for - 
0 * 

all values of 8 ^ except very near the transition boundary between wavenumbers 

2 and 3. l.e., the wavenumber predicted for the steady Rossby regime Is not 

the most unstable wave for the Hadley solution this narrow region. 

However. In general the wave that Is initially most unstable will also 

eventually be the wave that is observed In the steady Rossby regime. 

The time scales for Newtonian heating and dissipation also play an 

Important role in the Rossby circulation. It was found that for heating and 

dissipation time scales of 50 days or greater, a disturbance to the steady 

Rossby solution would evolve Into a vacillating or periodic state. This 

circulation Is doubly periodic characterized by an amplitude vacillation whose 

period Is roughly 2.5 times that associated with the wave propagation. The 

energetics of this vacillation consisted of zonal available potential to eddy 

available potential to eddy kinetic energy conversions followed by the reverse 

cycle with the period of the amplitude vacillation. 

So far, the rotation rate of the earth, ft, has been kept constant; 

however, ft Is varied in many laboratory experiments. It would be Interesting 

to vary the rotation rate and then compare results with those for the f -plane . 

Fig. 10 shows both the steady Hadley and Rossby regimes as a function of the 

0 * 

rotation rate, ft, and 9^ . The boundary between the steady Hadley regime 

and the rteady Rossby regime Is shown by the dark curve. This boundary Is 

quite similar In shape to that obtained by Lorens (1962) for the rotating 

dlshpan experiment Indicating that sphericity plays a secondary role. For 
0 * 

fixed values of 82 * the stable wavenumber observed in the steady Rossby 
regime increases with ft. Also, as In Lorens (1962), the steady Rossby regime 
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does not exist for wavenumber one. This Is most likely a result of our choice 
of eigenfunctions. All the transitions between wavenumbers still occur 
abruptly for all values of 0 tested. 

5. Conclusions 

We have found that fur all Imposed meridional temperature gradients a 
steady Hadley circulation exists In our two layer spherical model. The 
stability of this circulation to axisymmetrlc and wave perturbations was then 
examined. The axlsymmetrlc perturbations always had one neutral eigenvalue 
but never grew. The Hadley regime for Intermediate values of the meridional 
temperature gradient, was barocllnlcally unstale to wavelike disturbances, 
whereas for higher and lower meridional temperature gradients It remained 
stable. We thus have confirmed the existence of an upper and lower symmetric 
Hadley regime on the sphere. 

The steady Rossby circulation for the sphere was shown to have two 
significant differences with that found by Lorens (1962) for the rotating 
dlshpan. Lorens found a hysteresis effect between the steady Rossby regime 
and the upper symmetric Hadley regime. Our spherical model showed that the 
transition between the steady Rossby regime and the upper symmetric Hadley 
regime occurs at the same meridional temperature gradient irrespective of the 
direction of change. Also, Lorens found that transitions between wavenumbers 
In the Rossby regime do not take place suddenly but rather there exists a 
region In between where two waves can exist together. In our model these 
transitions always occurred abruptly. 

For very small values of heating and dissipation It was shown that the 
eceady Rossby regime was unstable and evolved Into a time varying circulation. 
This new flow was doubly periodic with a longer period amplitude vacillation 
and a shorter period associated with the propagation of the wave. 



A comparison was made between the most unstable wavenumber of the steady 
Hadley regime and the wavenumber chat Is ultimately seen In the steady Rossby 
regime for the same value of the equilibrium meridional temperature gr*' 

The correspondence was very good and showed that almost always which* wave 
bad the largest Initial growth rate would he the steady wave that Is 
eventually observed. 


J* 



Acknowledgeoents 


This research was supported by NASA under contract NAS8-33794 



106 


i 


Appendix 


Properties of the Associated Legendre Polynomials and Interaction Coefficients - 


The normalized associated Legendre polynomial can be defined as 


P* 

n 


(2n+l) (n-m)! 
2 (n+m)! 


1/2 2.7 n+m 

i A — (u 2 -l) n 


2 n n! 


dp 


n+m 


<A-1) 


where .• ■ sin+, and 9 1* Che latitude. The spherical harmonic can then be 

defined as Y* - P* e* B * where m Is the zonal wavenumber and In- ml Is r he 

an 11 

number of zeros along a meridian of longitude. It will be simpler to follow 
the notation of Platzman (1962) by defining a complex wave vector y - n+i«. 
Some of Its properties are 


a 2 * 2 ! - - n(n+l)T Y 


(A-2) 


and 



V* Y cos+dpdl 

® P 



(A-3) 


wits re 3 Is the Krone eke r deles, and * denotes complex conugete. 
a6 

The two lnterectlon coefficients ere 
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The Interaction coefficients follow several selection rules summarized in 

Merllees (1968). L 0 if any of the following conditions are not 

OY0 

satisfied. 


m + m. • m 

a 0 y 


|n a - n 0 | < n y < n a + n 0 


n + n„ + n ■ odd 
a 0 a 


2 2 

»* + «: * ° 
o p 


I . 0 if any of the following conditions are not satisfied: 

<»Y0 

a + «-■ m 

a 0 Y 


n - ii I < n < n + n„ 
‘a 0’ y <* 8 


n + n„ + n ■ even 
a 0 Y 


n + n * 0 
a p 



REFERENCES 


Fultz, i>., 1953: A survey of cercnin thermally and mechanically driven 

fluid systems of meteorological Interest. Fluid models In geophysics. 
Proc. 1st Sympo8. on the Use cf Modul e In Geophys. Fluid Dynamics , 
Baltimore, 27-63. 

Fultz, D. , R. R. Long, G. V. Owens, V, Bohan, R. Kay lor, ^nd J. Weil, 1959: 
Studies of thermal convection In a rotating cylinder with some 
applications for large-scale atmospheric motions. Meteor. Monographs , 
Amer. Meteor. Soc., 104 pp . 

Hide, R. , 1953: Some experiments on thermal convection In a rotating liquid. 

Quart. J. R. Met. Soc. , 79 , 161. 

Hide, R. , 1958: An experimental study of thermal convection in a rotating 

liquid. Phil. Trans. Roy. Soc. London , (A), 250 , 441-478. 

Lorenz E. N. , 1960: Energy and numerical weather prediction. Tellus, 12, 

364-373. “ 

Lorenz, E. N., 1962: Simplified dynamic equations applied to the rotating 

basin experiments. J. Atmos. Scl. , 19 , 39-51. 

Merilees, P. E., 1968: The equations of motion in spectral form. J. Atmos. 

Scl ., 25, 736-743. 

Phillips, N. A., 1954: Energy transformations and meridional circulations 

associated with simple baroclinic waves in a two- level, quasi-geostrophlc 
mode. Tellus , 6, 273-286. 

Platzman, G. W, , 1962: The analytical dynamics of the spectral vorticlty 

equation. J. Meteor., 17, 635-644. 





X 'S -s, V. 




109 

t 


CHAPTER 4 


N86-11752 


A Paraaeterizacion Technique for Nonlinear Spectral Models 


l 


v 


Ronald Gelaro 
and 

Haapton N. Shirer 


Department of Meteorology 
The Pennsylvania State University 
University Park, PA 16802 




l 



i * 

i ; 



¥' 


« 



i ***&*') 


»*«■* "K- 


-• -'i 


f 


110 

1. Introduction 

A fundamental characteristic of atmospheric motions on all scales is chat 
Che exchange of energy between various wavelengths is accomplished via 
nonlinear interactions. Accordingly, it is essential Chat mathematical models 
of atmospheric motion retain this nonlinear behavior as completely as 
possible. This is difficult owing to the fact that, in general, machematical 
models are necessarily finite-dimensional, while the governing systems (such 
as the Navier-Stokes equations) are infinite-dimensional. As a result, the 
use of models that are based on systems of ordinary differential equations 
forces the modeler to truncate both implicitly and explicitly. Thus, the 
parameterization of certain variables is a necessary feature of all models. 

For example, this is an important step in the development of global forecast 
models of the index cycle, in which only certain scales of motion are 
emphasized. 

In view of the requirement for parameterization in numerical models of 
all .ypes , it is necessary to ensure chat these operations are accomplished 
with maximum efficiency regarding the techniques employed and the scales of 
Che motions that are parameterized. It is reasonable to assume that the 
structure of the solutions co the derived systems themselves should provide a 
basis for developing parameterization methods that mould preserve more 
acv. .rately the nonlinear properties of these dynamical systems. In 
particular, we refer to the topological structure of solutions as a means of 
describing them in terms of their critical parameter values, branching 
behavior nd stability. He propose chat a knowledge of the topological 
structure of the solutions to a dynamical system is essential for developing 
in efficient parameterization technique, and, that this technique will provide 
insight into ways of properly truncating all mathematical models of 
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atmospheric flew. Moreover, because even low-order models contain terms that 
are analogous to those that appear in the original partial differential 
equations, it is likely that a successful treatment of these models will be 
relevant in a general sense. 

For the purposes of demonstrating this parameterization technique 
conveniently, we use the quasi-geos trophic equation because It has the 
advantage of being easily represented in spectral form (e.g., Vickroy and 
Dutton (1979), Charney and DeVore (1979), Wiin-Nlelsen (1979)). Thus, as a 
prototype, we consider a truncated spectral model based on the forced, 
disaipatlve quasi-geos trophic equation developed by Dutton (1976a) for flow In 
a channel. The channel is centered at middle latitutdes, has rigid lateral 
boundarlee and Is cyclic In the zonal direction. The stream function t(x,t) 
is represented by a Fourier expansion. Newtonian heating Is used to model the 
thermal forcing, and a direct dissipation mechanism is employed via an eddy 
viscosity coefficient. 

The use of severely truncated spectral models has made it possible to 
study various properties of atmospheric flow by, among others, Lorenz (1960, 
1963), Vickroy and Dutton (1979), Chamny and DeVore (1979), Wiln-Nlelsen 
(1979), and later by Lorenz (1980), Shi re r (1980), Mitchell and Dutton (1981) 
and Shlrer and Wells (1983). A significant advantage of working with severely 
truncated spectral models is that many of their properties may be studied 
analytically. In particular, steady solutions are made easily tractable in 
models of this type. The occurrence of multiple steady solutions in a forced, 
dissipative system is a manifestation of the fact that, upon eliminating the 
temporal derivatives of the spectral components, we can express the model as a 
system of nonlinear algebraic equations. These equations often can be 
expressed as a polynomial of odd degree in terms of only a single component. 
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The steady solutions to the model represent balances between the rates of 
forcing and dissipation, and they are obtained by solving this polynomial for 
Its real roots. New solutions to the dynamical system tend to be born In 
pairs, and this Is reflected by the fact that the real roots of the polynomial 
occur In odd numbers. The stabilities of the solutions are of Interest; 
physically, stable solutions are states that might be observable. Points in 
phase space at which two or more steady solutions meet, known as steady 
bifurcation points. Indicate transitions In the flow from one regime to 
another as the magnitudes of certain external forcing parameters are varied. 

It has been shown by Shirer and Wells (1982) that these transitions may be 
smooth or sudden depending on the general form of the solution surface, and on 
which forcing parameter Is varied. The loss of stability of a steady state at 
the bifurcation point is a crucial factor In determining which of the 
available flow regimes might represent observable solutions to the system. 

In more recent work, Shirer and Wells (1983) point out that the topological 
form of the solution surface depends, in general, on a polynomial of lower 
order than the complete one, further demonstrating the relevance of results 
obtained from the study of severely truncated models. In addition, Dutton and 
Wells (1984) have examined che attractors of similar hydrodynamlcal flows and 
have found that the dimensions of the spaces in which these solutions reside 
are likely to be finite. 

However, it is clear that the truncation process also results in the 
omission of energy exchanges between the scales in the model and the ones 
outside che truncated sec. This is particularly significant for large-scale 
flow, owing to the Importance of the transfer of enstrophy from the smaller 
waves to the ultralong waves and to the sonal flow. Thus, we seek an 
objective method for representing the effects of these Interactions in which 
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we reduce, or at least maintain, the length of the original truncation. If we 
parameterize those interactions involving components outside the truncated 
set , then the nonlinearity inherent in a large model with many components may 
be represented accurately in a smaller model Involving fewer nonlinear 
equations. This can be accomplished by expressing the omitted components as 
functions of those retained in the truncated set of the smaller model. The 
parameterized components appear in the truncated set as a result of the 
structure of the nonlinear and linear terms in the model, liich derive from 
analogous forms in the original set of partial differential equations. In a 
parameterized model, those components that originate outside the truncated set 
are expressed as polynomials involving the retained component s. The 
coefficients of these polynomials are referred to here as parameterization 
functions and they portray the effects of interactions between the retained 
and parameterized components of the flow. In an operational setting, the 
values of these parameterization functions would be computed using observed 
data. In the present study, we will test this scheme by creating data sets 
obtained from the solutions to a larger spectral model. 

In this article, we are concerned with parameterizing steady behavior, 
and, with preserving the information it reveals about the transitions 
exhibited by hydrodynamical flows. The development of this scheme f* 
presented in a way that facilitates Its application to spectral models of all 
sizes. However, it should also be noted that the concept of utilizing data 
sets as a device for parameterization may be applied to numerical models of 


all types 
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2. Spectral nicdel of quasi-geostrophic flow 

We consider the forced, dissipative quasi-geostrophlc equation discussed 
by Vidtroy and Dutton (1979) 


— ■ (Vjj 2 *) + J(f,V H 2 f) + 0 §y - vV H S - H , (2.1) 

which contains the standard quadratic, linear and lnhooogeneous forms found in 
all aodels. Here, J is the Jacobian operator, f is a dimensionless stream 
function, and we use the 0-plane approximation f » f 0 + By. A direct dis- 
sipation mechanism is employed that is proportional to vVg*Y, in which v is 
a dimensionless eddy viscosity coefficient. Theoretical supporting arguments 
for using an eddy viscosity in models of large-scale flow are presented in 
Dutton (1982). The inhomogeneous term H in (2.1) represents some simple 
forcing and derives from an approximate form of the thermodynamic equation 
(e.g. Dutton, 1976b) that is applicable to quasi-geostrophlc motion. Here, we 
interpret H as a form of thermal forcing. However, other Interpretations 
exist such as those of Egger (1978, 1979) and Charney and DeVore (1979) who 
derive analogous terms to represent topographical forcing. 

To apply (2.1) to flow in a channel with a maximum westerly current 
located at the middle latitude, we select the domain 

x-{xj0<x< 2»; y:-y<y<y> 

Appropriate boundary conditions on Y are ?) periodicity In the zonal direction, 
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2) Che meridional velocity component v vanishes . t tne northern and southern 
boundaries or the channel, and 3) che Phillips (1554) constraint, which 
prohibits che development o' a ciiculat on around the boundaries. 

Because (2.1) contains the ooritont. I Lapltcian of the strsam function, 
we solve v - - x n ? to dett.nl n t,u* eigenvalues Xq and the eigenfunctions 
i|) Q which we use to write 

N 

T(x,t) • l A^( t )^ q(?) * (2.2) 


To obtain the spectral representation of (2.1), we substitute (2.2) into (2.1) 
and then multiply each term by its conjugate Vn* Because the eigenfunctions 
are orthogonal, ws can Integrate over the entire spatial domain x for each 
n«l,2,...,N to produce Che Fourier transformation 


e 

A 

n 


N N N 

l l D. V« ♦ B l 
k-1 m-1 P * r»l 


A - 
r 


vX A + H 


(2.3) 


in which Dp and Cq are interaction coefficients which we define in the 
Appendix. The eigenvalues are Xn ■ i* + n^, in which 1 and n are the 

<v 

horlsontal wave numbers in the zonal and meridional directions respectively. 

S 

To obtain a simple spectral model with a maximum in the westerly velocity 
* component u(y) that is located at the center of the channel, and that 

Interacts nonllnearly with che disturbance components, we choose the five- 
component expansion 
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C&J 


f(x,t) • A^(t)sin(y) + A 2 (c)cos(kx)co*(y) + A^(t)sin(kx)cos(y) 


(2.4) 


+ A (t)ces(kx)cos(3y) + A (t)sin(kx)cos(3y) 
4 5 


Because v» are latereated primarily in the steady solutions a to the model, 
we define A(t) ■ a+a ( t ) , and set a(t) ■ 0. With this condition, and with 

(2.4) to represent the stream function f(x,t), we obtain from (2.3) the five- 
component steady spectral system 


-Daa + D a a - Va - h 
134 125 11 1 


-Daa - Daa +Ba - Va ■h 
213 315 23 22 2 


Daa + D a a - Ba - Va • h 
212 314 32 33 3 


-Daa - Daa + B a - Va - h 
413 515 45 44 4 


Daa + D a a - Ba - Va * h 
412 514 54 55 5 


(2.5) 


i ' 
! 

\ ; 


in which Dq, V n , Bq and tin are defined in the Appendix. The parameterization 
technique developed in the sequel will be applied to subsets of (2.5). 

It can be shown algebraically that the determinant of the left side of 

(2.5) does not vanish. Thus, assuming a^ la known, we can use CraMr's 
Rule to solve the last four equations in (2.5), which are linear in S 2 >••»*;• 
Substituting these solutions into the first equstion in (2.5), we obtain 
a ninth-degree polynomial in aj. of the form 


9 8 

PU^ - pjSj + p^ + ... + pg • 0 


4 % 




• s s 


( 2 . 6 ) 


y/ 
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whose real roots are che steady solutions to the spectral equations (2.5). 
Because (2.6) Is of odd degree and the coeffcients p n are real, complex roots 
must occur In conjugate pairs and the existence of at least one real root is 
guaranteed. 

Owing to different balances between the rates of forcing and dissipation, 

(2.6) will often have several real solutions. Thus, the stabilities of these 

solutions are of interest. The fact that a stable solution relates physically 

to an observable state is discussed formally in Mlnorsky (1962), while ocher 

discussions on the relevance of bifurcation and stability to hydrodynamical 

systems may be found in Shirer and Dutton (1979) and Vickroy and Dutton 

(1979). In general, the stability of a stationary point a may be examined 

n 

by linearizing che system about that point and then computing che eigenvalues 
Y of che linearized problem, which has solutions of che form g(c) - aexplyc]. 
Thus, a stationary solution a n is stab’ i to a small perturbation ® n (t) 
provided that Rs{y)<0 for every eigenvalue y. The point at which stability 
changes and a new steady solution bifurcates from the first is, in general, 
given by Rs{y}°0* For real eigenvalues, the critical point is given by 
simply y* 0 for some y* Bifurcations that indicate che appearance of a 
temporally periodic solution are known as Hopf bifurcations and these occur 
when Be(Y>*0, Irniy) * 0. Although in the present study we consider only 
preservation of the steady state structure of the solutions to the larger 
model, clearly che parameterization technique will need to be extended 
sufficiently so that che stability of the solutions is preserved as well. 

This is a topic of future research. 



.-I 
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3. Development of Che parameterization acheaw 

Analogous co (2.3), Che sceady speccral aodel (2.5) can be vrlccen In Che 
general fora 


M N N 

l l D o Vm ‘ l fl o *r * Vn ' h „ ‘ °* 0-1 N * 

kil ail ? ^ " r-1 ? r " “ n 


However, If wa wlah co reduce Che number of equetions In (3.1) co eoae number 
L<N, then In a recalned a^ -equation we loee che concribuClon of che Caras 


1 - 


L N 

I l 

Ik-1 a-L+1 


L N N 

+ l l ♦ H 

a-1 k-L+1 k , a-L+1 


N 

D p V. * l \ *r 
: r-L+l 3 


(3.2) 


where, for elapllcicy, we have chosen Co oalc che laec L+l , . . . , N equacione 
alchough any L-coaponenc subsec aey be used. To receln in Che speccral aodel 
inforaacion concerning Tg, we paraaecerlle ice ceras in che reaalnlng L 
equacione. If we denoce che oaicced speccral coaponenCa by Sq and Che recalned 
speccral components by ag, chan che paraaaterlssclon of (3.2) Is achieved by 
representing che coefficients Sq chat appear in che nonlinear ceras of che 
reaalnlng equations as functions of che coefficients Sg. We will assuas that 
che general fora of che relationship between che paraaeterlsed and recalned 
components Is given by che Infinite series 


a • r 


nO 


1 

I 

1-1 


ni 


L 

I . 

4 1-1 a-1 


l 1 a 

'nlaVn* l l * 

1-1 a-1 p-1 


^otapVaV’**’ °* 3) 
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in which Che quantities F are parameterization functions that oust be 
determined from a data sec. In this study, we let the values of F depend on 
the moments of the spectral components which result from particular choices 

for Che races of forcing, rotation and dissipation. Thus the F cental t 

01 

m 

Information concerning the interactions between the retained components a 
and the parameterized components a,,. It will be shown in Section 4 that 
selecting a suitable termination level for (3.3) depends primarily on the 
characteristics of the data set. 

To determine how the values of F are obtained, we consider In the 

o 

m 

following example a linear approximation of the parameterized spectral 
components; in this case (3.3) becomes simply 


a 

n 




F a 

nl 1 


(3.4) 


In Section 4 we show chat the use of a nonlinear approximation of (3.3) 

proceeds analogously. Using (3.4) so that the components Sq are approximated 

by a , we require that che values of F are chose for which the parti - 
n a 

aaterlzatlon of (3.2) satisfies Che relation 


L - 

' 1(, °° * A , “* ,i * *•* ■ •« • 0 ■ 1 • <3,3) 

Here, E and c a denote che expected value end minimum mean square error 
respectively, which apply over an ensemble of responses that depend on the 
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forcing race fy. The parameterization functions F n Q and F n j chat satisfy 
(3.5) are given by 


a 

n 


n0 


L 

+ I 

n-1 


F ni*l 


(3.6) 


L 

\\ " F n0 \ + ( i 1 F « *»\ 


k if « • • |L 


i 

t 

V 


which in u linear, inhomogeneous sec of equations in P provided that the 

<x 

barrel quantities are ku <m. Here Che tildes have been dropped and denotes 
the moment of Therefore, the quantities a^afc and aja^ represent the 
correlation coefficients between the spectral components. Obviously, a 
nonlinear approximation of (3.3) will yield higher-order moments in addition 
to chose appearing in (3.6). In Section 3a, we discuss a procedure for 
obtaining the necessary data from (2.5). 

Substituting the linear approximation (3*4) into the spectral model (3.1) 
and adjusting the subscripts, we obtain the parameterized steady spectral 
model 



L L 


N L 


I 1 D *. a - T B a + V a - h + T T D La 
t-l ml l % * ril 5 r 1 1 ki^l mil ? % " 


L H N . . M 

+ TT D a, a ♦ 7 T D a. a - T Be 

W mHL+1 ? % B ktm-lil l % ■ riwi ? 1 


* 

4 


$ 


I 

J 


(3.7) 


4 


HUT*-- 1 * 



in which che terms after h in (3.7) include Che effects of Che parameterized 
spectral components. Because (3.4) is a linear approximation, (3.7) contains 
no terms of higher order than quadratic, which is a form similar to that of 
Che original spectral equations (3.1). However, the use of a nonlinear 
approximation for the parameterized components will introduce higher-order 
noniinearities which may alter the form of the steady polynomial for the 
parameterized model. This will be discussed in Section 4. 

a. Application and testing techniques 

In the absence of observed data, an alternative procedure is needed to 
produce the data secs required to compute che values of the moments that 
appear in (3.6). A simple method for creating these data is to use the steady 
solutions to the original five-component model for various test cases. The 
use of solutions to (2.5) as data has the virtue of being mathematically 
simple because the values of S 2 ,...,S 5 can be computed algebraically once the 
roots of (2.6) are found. In addition, the steady solutions to (2.5) provide 
examples with which the solutions to the parameterized models may be compared. 
A standard depiction of the steady states is a one-dimensional cross-section 
through phase space, in which we plot the magnitude of the zonal component a^ 
versus a single forcing rate. In this study, ws choose to compute the steady 
solucions a^ for various values of the zonal forcing rate h^, while the 
magnitudes of the remaining parameters remain fixed. Thus, the moments of 
the spectral components, and consequently, the values of the parameterizstion 
functions F will depend only on the value of h. . 

(X 1 

m 

For a discrete number k of values of hi, the moments are given by 
_____ k 

mry - j foo P [f(h.) ] 

1 i-i 1 x 1 * 


t 


(3.8) 
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in which f(hi) can be any function of the spectral components, while the 
summand is the i c ^ value of f(h^) multiplied by the probability that f(hi) 
equals that value. In this study we consider both uniformly and normally 
distriouted values of hi. 

With the uniform distribution we assume p[f(hi)i] has density 
l/0»i a ,hib) over so sie finite interval [hi a ,hibj, use randomly generated 
values of hi to produce the data points f(hi)i« In this case, (3.8) reduces 
to a simple average. 

If inotead we assume that the values of hi are distributed normally with 
mean hi and standard deviation 01 , then (3.8) can be wtitten in the form 

m 

H\) - / f(h 1 )p(h 1 )dh l , (3.9) 

in which p(hi) is the normal probability density function of hi. An advantage 
of using the normal distribution is that, in the proper form, (3.9) can be 
evaluated easily using a Hermits polynomial approximation. For example, by 
making the appropriate substitution in (3.9), we would obtain the correlation 

• 2 k 

V. ■ (. V. ]*• • JjVnlSi • <3a0 > 

in which the quantities wi are weighting factors corresponding to the zeros xi 
of the Hermits polynomial (Abramowitz and Stegun, 1964). Here relatively few 
data points are required compared with the number used with the uniform 
distribution. In this study, ws use k-200 random values of hi with the 
uniform distribution, while in (3.10), the value of k*16 corresponds to a 
distance from the mean for which wi~l*10“* 0 . 



Finally, a weighting procedure oust be employed wher* , for a particular 
value of (2.6) has multiple steady solutions a^, whicn correspond to 
multiple solutions for each component a 2 ,...,a 5 . For comparison, we will 
consider two weighting procedures. The first is useful for determining 
general form of the parameterized expansions; with it, the solutions are 
weighted equally regardless of stability. In the second approach, we simulate 
the use of observed data; one stable solution is selected at random. These 
procedures will be discussed in Section 4. 

b. Effects on stability 

The preservation of bifurcation and stability properties in the 

parameterized models is of concern. However, because the values of F depend 

a 

only on Che moments of the spectral components, they contain no explicit 
information concerning the stabilities of the steady solutions. However, one 
might expect fold points such as those in the cross-section in Fig. 1 to be 
preserved by the parameterization provided that an optimum number of terms is 
retained in (3.3). The preservation of these points will ensure that the 
number of steady solutions produced by Che parameterized ocdwT. vi*'h 

that of the original. However, as permitted by linear stability theory, the 
parameterization may reproduce the original cross-section, but reverse the 
stabilities of the solutions. In eh** case, the signs of sc=s of the 
eigenvalues are reversed. 

Hopf bifurcations , which denote the appearance of temporally periodic 
solutions (Marsden and McCracken, 1976), may result in a loss of stability at 
a point on a steady soiw.ion other than a fold, or turning, point (Fig. 1). 
Although Hopf bifurcations may still appear in the solutions to Che 
parameterized models, the likelihood of preserving their locstions cannot be 
essured owing to the exclusion of lnformetion concerning temporal solutions in 
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computing the values of F . As a result, an optimum parameterization based on 

a 

(3.3) may produce solutions whose cross-sections in phase space are llmllar to 
those of the original solutions, but whose qualitative behavior may differ 
owing to changes in stability. Because this is a feasibility study, and 
modeling steady bifurcations is the primary interest, no effort has been made 
to account for stability changes due to Hopf bifurcations. However, wi.'.'. 
see evidence in Section ' that, in some cases, /» proper treatment of steady 
behavior may increase the likelihood of preserving the temporal behavior of 
the solutions. 

c. Truncation types 

The parameterization technique developed in this section will be applied 
to two subsets of (2.3), each containing three components. In each para- 
meterized subset we retain the zonal component a^ and two of the remaining 
disturbance components. In this way, any three-component subset of (2.5) can 
be categorized as belonging to one of two qualitatively different classes of 
truncations. 

We will parameterize a representative of each class. The two classes of 
truncations are revealed upon inspection of the spectral expansion for f(x,t) 
given by (2.4) , The basis functions associated with A2 and A3 correspond to 
wave cumber n*l, while those tor A4 and Ag correspond to n-3. The members of 
each pair differ only in phase in the «cnal direction. We consider the 
truncations in Class I to be those in which both components of either wave 
number are retained, while the effects of the remaining wave number are 
parameterized. The members of this class are the subsets (1,2,3) and (1,4,3). 
In the Class II truncations, we retain one component of each wave number 
resultlnf in the choices (1,2,4), (1,2,5), (1,3,4) and (1,3,3). The subsets 
(1,2,4) and (1,3,5) represent special cases whose properties are discussed 


in Section 4 
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From Class I we consider Che subsec {1,2,3} In which Che effeccs of wave 
number n a 3 are parameCerized: 


- 0l a 3 a; + D 1 » 2 a 3 - ^ 


D 2 a l®3 " P 3 a l*5 + ®2 a 3 “ V 2*2 " h 2 


(3.16) 


°2 a l a 2 + °3 a l a 4 " B 3 a 2 " V 3 a 3 * h 3 


In (3.16), and a 5 are expressed as funccions of a^, a£ and a 3 based on 
(3.3). The use of (3.16) la founded on a philosophy commonly employed co 
paramecerlze small or sub-grid-scale processes whose effeccs need Co be 
lncorporaced lnco che large-scale coaponencs of Che model. A typical example 
is che paramecerizacion of surface heat fluxes in operational synoptic- 
scale finite difference models used co forecaac che large-scale flow of che 
middle ladcudes. 

As a representative of Class II, we consider che subsec {1,2,5}: 


~ * • 
* D l*3*4 


* “lVi * V l*l 


0 2*1*3 ‘ D 3*l*5 * *2*3 * V 2*2 * h 2 


(3.17) 


°4*1*2 * °5*1*4 ‘ ’i*4 ’ ’5*5 ' h 5 


This subsec differs physically, although noc mathematically, from (3.16). In 
(3.16) we might expect to represent the behavior of the smaller wave number 
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components more accurately while representing Implicitly downscale energy 
transfers. This concept is analogous to the creation of an eddy viscosity in 
which we parameterize the cascade of energy from small to large wave numbers 
(Dutton, 1976a). In general, these small wave number components contain a 
large percentage of the total energy of the original system. Conversely, in 
(3.17) we retain a higher wave number (and generally less energetic) component 
of the flow in lieu of a more complete representation of the larger scale. 
Thus, in (3*17) we represent explicitly one avenue of downscale transfer at 
the expense of a complete explicit representation of transfers between 
large-scale components. 
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4. Optimum parameterization 

To apply the parameterization scheme, we must select a termination level 
for the series (3.3). It is reasonable to assume that an optimum 
parameterization can be obtained by retaining only the m terms in the series 
that are necessary to describe, to some desired accuracy, the steady behavior 
of the original solutions. To find the a terms, we terminate (3.3) at some 
number H > # of terms and, proceeding as from (3.4) to (3.6), we generate M 
linearly independent equations whose coefficients are the moments f (h]_) . The 
optimum parameterization is determined by the m significant terms in the 
solution to the resulting system of equations. It will be shown that the 
maximum permissible value of M for which a linearly independent system of 
equations can be generated depends significantly on the data coverage. 
Moreover, we observe that, for this study, the data coverage requirements are 
controlled, in part, by the topological forms of the steady solutions to the 
five-component model. 

In all nonlinearly interacting flows, there are certain disturbance 
components between which no exchange of energy occurs via nonlinear 
interactions. In the five-component model (2.5), we observe no nonlinear 
terms containing the products S 2 S 4 or * 3 S 5 , which lead to the special subsets 
(1,2,4) and {1,3,5} noted in Section 3c. An advantage of studying these 
special cases is chat simple analytical solutions can be obtained from (2.5) 
for the omitted spectral components in each subset. These solutions are 
expressed as functions of the three remaining components; thus, they are of a 
form which is similar to that of the parameterized expansions obtained from 
(3.3). As a first guess for any model, we might expect a reasonable 
termination level M for (3.3) to be determined by the highest-degree terms 


Chat appear in che solutions to its special cases. For example, if we assume 
chat Che values of a^, 83 and a; are known, then from (2.5) we obtain 


a 2 " V“ { ' D 2 a l a 3 " °3 a l a 5 + ®2 a 3 “ h 2 J 


and 


*4 • V" l*Vl*3 - °5*1*5 + '4*5 * h 4 l 

4 


(4.1) 


(4.2) 


Expressions similar to (4.1) and (4.2) result for the coefficients *3 and 35 
in the other special case. By inspecting the right sides of (4.1) and (4.2), 
we might infer that an optimum parameterization would involve expansions chat 
contain no terms of degree higher than quadratic. Moreover, because the forms 
of che equations in (2.5) are typical of those found in hydrodynamical systems 
regardless of the severity of the truncation, (4.1) and (4.2) are likely to be 
representative of che optimum parameterized expansions for any model of this 
type. 

Accordingly, we terminate (3.3) so chat the parameterized spectral 
components are approximated by 


nO 


L Li 

I F n«*« + I l 

t-1 “ 1 t-l «-l 


^nim*t a a 


(4.3) 


from which we generate M £ 1 ♦ L(L + 3)/2 linearly independent equations, 
depending on che data coverage* Because M )> m tei s are tequlred in (4.3) to 
obtain che correct values of F a , we will begin with che complete quadratic 
expansion. Analogous to the linear example in Section 3, che values of the 
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parameterization functions F a are the solutions to the system 

m 

L L l 


- F + l F I + I I 

Q ° t ix nl 1 i-i 


m»l 


F . a a 
nlm l m 


L l 


1 1*4 • P «o*p + & Vt\ + k 


( 4 . 4 ) 


L p 


L t 


I I I*-*-* 


o p q 


F a a + T F aaa + T T F.a.aaa 
nO p q Jt ‘; 1 nl l p q ^ J; 1 aim l m p q 


p»l q-1 

For L • 3, (4.4) becomaa a set of tan linear inhomogeneous equations provided 
that the moments are known. For example, in the subset {1,2,5}, we would 
parameterize a} according to (4.3) and obtain 

m m v +Pa+Fa+Fa+F a ^ + F a a + F aa 
3 30 31 1 32 2 3 j 5 311 1 312 1 2 315 1 5 


+ F a ^ + F a a + F a* 
322 2 325 2 5 355 5 


(4.5) 


which corresponds to the first equation in (4.4). The remaining nine 
equations in (4.4) are produced by multiplying (4.5) by the functions fO»i) in 
each term on its right side, and then averaging to produce the moments. 


a. Data Types 

Ve now Investigate procedures for creating the data necessary to compute 
the values of the moments that appear in (4.4). Several types of data will be 
considered. For each data type, we employ one of the two statistical distri- 
butions discussed in Section 3a, and a weighting procedure that determines the 
probability that a particular steady solution results when the response to a 
value of the forcing is not unique. The data also will be classified 
according to stability in two ways. We refer to a data set in which all 
solutions are permitted regardless of stability as being a complete-data set. 
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and one in which only stable solutions are permitted as being an observable- 
data set (Table 1). 

Considering the preceding criteria, we will select four types of data and 
examine their effects on the values of the parameterization functions F a . 

For convenience, we denote each data type by the first letter describing its 
stability class (Observable, Complete), subscripted by the first letter 
describing the statistical distribution of the zonal forcing values (Uniform, 
Normal). Thus, the first data type in Table 1, which consists of observable 
solutions that are uniformly distributed, is referred to as type Cty. Each 
data type fulfills a specific testing purpose which we now discuss briefly. 

Type 0(j data are intended to simulate observed data in the simplest 
manner. In this case, the values of h^ are assumed to be uniformly 
distributed and only stable solutions are considered. When multiple stable 
solutions occur, we select one solution at random and assume that only this 
solution contributes to the calculation of the moments for the corresponding 
forcing value. This is consistent with the fact chat, with observed data, the 
occurrence of any one state might be as equally likely as another. Here, the 
moments are computed using (3.9). 

Type C(j data differs from type Oy in that the complete set of steady 
solutions from each test case may be used as data. By using a similar 
distribution and weighting procedure as for tvpe Oy data, we permit the 
occurrence of unstable solutions to be as equally likely as stable ones when 
multiple solutions result. Type Cy data will be used to determine whether the 
inclusion of unstable solutions as data In the parameterization scheme is 
crucial for reproducing the complete forms of the steady states. 

Data types Cg and Og represent special cases of the previous data types, 
in which we assume that Ch* values of the zonal forcing rate obey a normal 
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Table 1. 

Data cypes used for calculating the values of 

the parameterization functions F . 

a 



Stability class 

Stat. distribution 

Weighting 

Applications 

Type Oy 

Observable 

Uniform 

1 Random 

Observations 

Type C L - 

Complete 

Uniform 

1 Random 

Research 

Type C N 

Complete 

Normal 

1/r 

Research 

Type Oj^ 

Observable 

Normal 

1/s 

Research/ 


Observations 
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distribution. While actual observed data may obey a more specialized 
distribution than the uniform one employed in types (ty and Cy, we do not 
propose that a normal distribution for h^ would be more physically 
representative than any of the other standard distributions. Because 
relatively few data points are required to calculate the moments with the 
Hermite approximation, we employ a different weighting procedure with these 
data types, as shown in Table 1. When multiple solutions occur, all 
permissible ones are weighted equally. Thus, with type C N data, we weight 
equally each of the combined total number r of both stable and unstable 
solutions, while with type Ofj data, we only weight equally each of the number 
a of stable solutions. We have verified that these procedures are analogous 
to using a randomly selected, fully weighted solution (a*< in types (ty and Cy) 
when many normally distributed data points are used. 

Because the data coverage in a particular test case may depend 
significantly on the data type used, we expect that the maximum value of M for 
which (4.4) yields a linearly Independent system of equations also will depend 
on the data type. However, we can determine beforehand the number of linearly 
dependent equations in (4.4) by computing the eigenvalues of its complete 
right side* A vanishing eigenvalue (and thus, a vanishing determinant) 
indicates a linearly dependent pair of equations, one of which may be 
discarded without altering the system. Provided that we omit the proper 
lines, we may repeat this process until an independent set of equations 
remains. Thus, when we obtain a system in which each of the remaining 

eigenvalues Xi *r* nonsero, then a solution to this reduced system 

can ha found. In the following subsection, we examine a technique for 
identifying those terms in (4.S) chat must be eliminated when an Independent 
set of equations cannot be generated from the entl -a quadratic expansion* 


*1 





b. Complete "data sets 

For each data type, solutions to the parameterized models will |> 
computed numerically for four test cases. These cases provide examples in 
which the stabilities and the configurations of the steady solutions vary in 
complexity, allowing a systematic examination of the skills of the 
parameterized models. The fixed va. ues of the dimensionless parameters in 
each test case are listed in Table 2. For the parameterized models, the 
values of ^ and of used with the normal distribution, and the Intervals 
[hi a , tin,] used with the uniform distribution, are given in Table 3. The 
cross-sectlone of the solutions for the test cases appear in Figs. 1-4, and we 
begin examining the results of tne parameterized models using the complete 
sets of solutions, which correspond to data types Cy and 
1) The subset {1.2,5} 

If we consider the three-equation subset (3.17) and parameterize a 3 and 
a 4 according to (4.3), then we obtain 

a* » F + Fa+Fe+Fa+F a 2 + F aa+F a a 
n nO nl 1 n2 2 n5 5 nil 1 nl2 i 2 ni5 l 5 

♦ F a 2 + F a a + F a 2 , n « 3,4 . (4.6) 

n22 2 n25 2 5 n55 5 

Now with (4.6) as the foundation of two seta of linear inhomogeneous equations 
of the form of (4.4), we compute the momenta using the solutions in Figs. 1-4 
as data. For example, we consider test case 1 and use type Cy data. Because 
we are interested in testing the ability of the parameterization to preserve 
the nonlinear behavior of the steady states, we iuclude forcing values which 
produce multiple steady solutions in the data. Baued on the symmetry of the 
solutions in Fig. l f we coaslc^r values of h} in the interval [- 0.05, 0.05] 
and compute the momenta according to the specif lest Iona for the type Cy data 
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Table 2. 

Fixed parameter values for the four test cases in Figures 1-4. 


Case 1 

Case 2 

Case 3 

Case 4 


h 2 

0.300 

-0.300 

2.000 

-0.670 

• 

h 3 

0 

-0.400 

3.000 

-1.005 


h4 

0 

0.100 

1.000 

0.335 


h 5 

0 

0 

1.000 

0 


k 

1 

1 

1 

1 

i 

L 

V 

0.040 

0.040 

0.040 

0.040 


0 

0 

0 

0.500 

0.50C 

* 



i 


! Table 3. 

The values for each test case of the mean zonal heating rate h^ and 
the standard deviation oi used with the normal distribution, and the 

Interval [hx a »hxb] used with the uniform distribution. 

i 

i 

Case 1 Case 2 Case 3 Case 4 


h x 0 0 

ox 0.01 Q.03 

[ h la»frlb] [-0.05,0.05] [-0.50,0.50] 


0 -0.26 

5.00 0.03 

[-3.00,3.00] [-0.40,-0.10] 
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Figure 1 Cross-section of Che steady solutions to the five-coaponent model • j 


for case 1. Stable solutions are denoted by solid lines, and j 

unstable solutions by dashed lines. Hopf bifurcations occur on 

the upper and lower branches near hi » + 0.01. j 
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Figure 3 As in Fig. 1 for esse 3. A Hopf bifurcation occurs on the middle 
branch (underside of spike) near h^ - 3.0 so that there are three 
positive eigenvalues as the tip of the fold, or spike, is 
encountered. At this point, one eigenvalue vanishes and the upper 
branch i^ unstable with two positive, but unequal, eigenvalues. 
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Figure 4 A* in Fig. 1 for case 4. Hopf bifurcation# appear on the middle 
branch of the configuration near the fold point at approximately 
hi » - 0.33 » and on the lower branch near hi » - 0.23. 
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ia Table 1. In this case, the right sides of the linear systems generated 
from (4.6) contain only nonzero eigenvalues so that M * 10 equations can be 
solved to obtain the parameterized expansion for each spectral component. 

This is true for both components in all four test cases in Figs. 1-4. In each 
case, the interval [hi d , h^v, ] includes data in regions of multiple solutions. 
The values of F a for all four cases using type Cy data are presented in 
Table 4. 

From Table 4, we see that several terms in F a consistently obtain 
negligible values when compared with the remaining ones. Those terms that are 
negligible in all four cases are F nl , F nii , F n2 2, F n 25 and F n55> n “ 3 » 4 « 
Several other terms sometimes obtain negligible values but these cannot be 
neglected generally. If we omit the five terms mentioned above, then (4.6) 
can be written 

a* * F + F a + F a + F a a + F aa , n * 3,4 • (4.7) 

n nO n2 2 n5 5 n!2 12 nl5 1 5 

Significantly, the quadratic terms in (4.7) are linear functions of the 
disturbance components a 2 and a 5 , and this permits the use of simple linear 
techniques to obtain a steady polynomial for the parameterized model. More- 
over, it is pleasing to note that, with the exception of an additional ..ear 

term in (4.7), the forms ot the expansions for a' using the m * 5 significant 

n 

terms in the solutions F a correspond to those in the analytical expressions 
(4.1) and (4.2). However, as shown in Table 4, this additional linear term is 
negligible in cases when g * 0. Thus, to some extent, each term In (4.7) 
appears to play the same role as its counterpart in the analytical 
expressions. For example, we observe in Table 2 that cases 3 and 4 differ 
only in the values of their forcing rates h. In (4.1) and (4.2) the forcing 
appears only in the inhomogeneous terms hn/Vjj, n - 2,4. Analogously, we see 
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Table 4 # 

Values of che parameterization functions F for 

a 

the subset {1,2,5} using type Cjj data. 



Case 1 

Case 2 

Case 3 

Case 4 



[-0.05,0.05] 

[-0.5, 0.5] 

[-3. 0,3.0] 

H 

O 

1 

• 

£ 

m 

F 30 

8.03xl0 -3 

5.00 

-22.70 

11.59 

1 

f 31 

7.15x10-1* 

4.91xl0“l* 

-4.78xl0“l 3 

2.26x10-1° 

1 

\ 

f 32 

1.39x1 0- J 2 

6.91x10“® 

-3.06 

-3.06 

\ 

> 

F 35 

6.48 

6.48 

6.45 

6.45 

i 

f 311 

7. 23x1 0" 13 

9.73xl0 “ 15 

9.45x10-15 

-1.07x10-11 

) 

f 312 

-5.03 

-5.03 

-4.93 

-4.93 

( 

f 315 

1.57xlO " i0 

- 2 . 11 x 10 “® 

1.11 

1.11 

1 

f 322 

3.10xl0 " 13 

8.44xl0 “ 12 

1.15x10-11 

7.06xl0“ 9 

J 

f 325 

7. 14x1 0* 13 

4.77x10“!° 

2.1 8x1 0‘ 9 

-1. 07xl0 - 7 

i 

i 

f 355 

3.64xl0“ 9 

-5.49x10“!° 

- 2 . 12 xl 0~ 9 

9.69x10-® 

% 

f 40 

0.03 

-0.28 

-1.73 

-1.19 


f 41 

1.09xl0“ 15 

-1. 23x10“!* 

7.11x10*15 

2.19x10-1* 

.1 

f 42 

8 . 00 xl 0“ 3 

8 . 00 xl 0“ 3 

0.08 

0.08 

• 

f 45 

1.36x10“! 3 

5. 30x10“ 7 

-0.04 

-0.04 


f 411 

7. 80x1 0" 14 

-2. 19xl0“l 5 

7. 99x10-1 7 

8.91x10-15 

1 | 

h » 

f 412 

-7. 32x1 0" 1 7 

l.llxlO ” 7 

0.12 

0.12 

* t 

f 415 

1.40 

1.40 

1.37 

1.37 

i 

f 422 

3.53x10-1* 

-1.65x10-42 

1.49x10-13 

6.15x10-13 

i 

f 425 

4. 33x1 0" 1 * 

-1.08x10-1° 

3.07x10-11 

-4.00x10-11 

i . 
1 1 

f 453 

4.27xlO- 10 

-1.30x10“!° 

-3.08x10-11 

9.89xl0“ll 

1 1 

i 

I 
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In Table 4 chat only the values of the inhomogeneous terms F n o in (4.7) differ 
between cases 3 and 4 for each parameterized component. 

If we substitute (4.7) into (3.17) and apply the same linear techniques 
as those used in Section 2, then the first equation in (3.17) becomes 


" D lf F 30 + 6 25 (F 32 8 2 + F 35®5 + F 312*l 8 2 + F 315 a l 8 5*l 


x f F 40 + 6 25 (F 42 8 2 + F 45 8 5 * F 412 a l 8 2 + F 415 a l 8 5^ 


D l 8 2 8 5 

+ 7T*Vr h i*° 

5 25 


(4.8) 


in which 


C i3 a l 


+ C i2 a l 


+ C il a l + C 10 


S 25 d 4 a x 4 + d 3 a x 3 + d^ 2 + d^ + d () 


l - 2.5 


(4.9) 


The polynomial coefficients in (4.9) are lengthy and are given in Gelaro 
(1983). However, it can be shown that the coefficient do of 625 can never 
vanish, implying that the solutions a^ exist for all parameter values except 
the physically inadmissible case • 0. Because 6 25 is quartic in a^ and the 
viscous term - V^a^ is linear in a^, (4.8) becomes a ninth-degree polynomial 
in a^ when the denominator has been cleared and multiplied by 625 ^. The real 
roots of (4.8) are the steady solutions to the parameterized subset (1,2,5). 
The fact that (4.8) is of odd-degree, similar to the steady polynomial for the 
five-component model, is essential for preserving the structure of the 
original steady solutions. 

Figs. 5-8 depict the numerical calculations of the steady solutions to 
the parameterized subset (1,2,5) using the values of F a given in Table 4. 



Figure 5 Cross-section of ch« steady solution* to the parameterized subset 

{1,2,5} for case 1 using thm values of F In Table 4. Note that 

a 

the Hopf bifurcations on the upper and lower branches in Fig. 1 
do not appear here so that these branches remain stable up to 
each fold point. 
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10 
0 

-10 
-20 
-30 

h. 

Figure 7 As In Fig. 5 for csss 3. Although tht stabilities of the 

solutions appear similar to those in Fig. 3, the Hopf bifurcation 
that appears on tha Biddle branch in the original cross-section 
has been shifted to the upper branch in the parameterized aodel. 
Thus, the numbers of positive and negative eigenvalues differ for 
the corresponding solutions in each aodel. 
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Figure 8 


As in Fig. 5 for case 
lower branch in Fig. 
parameterized nodal. 


4. The Hopf bifurcation that appears on 
4 does not appear in the solutions to the 


the 
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Clearly, the parameterization has reproduced the configurations of the steady 
at“\es quite accurately in all four cases, implying that the steady 
bifurcation points are well preserved. Even in case 3 (Figs* 3 and 7) 
involving five nonzero rates of forcing and rotation, the magnitudes of the 
solutions to the original and to the parameterized models agree to several 
decimal places. However, the stabilities of the solutions to each model 
differ owing to the lack of information in the parameterized model concerning 
the original temporal solutions. For example, the upper and lower solutions 
of the cusp surface in Fig. 5 of the parameterized model lose stability upon 
meeting the middle solution at each fold point. However, Hopf bifurcations on 
the upper and lower solutions in Fig. 1 result in a loss of stability before 
the fold points. In this case, the Hopf bifurcation points on the solutions 
to the original model do not appear on those to the parameterized model. In 
some cases, Hopf bifurcations appear on the solutions to the parameterized 
models, but their locations are not preserved well. This is demonstrated in 
Figs. 2 and 6. Here the lower solution in each figure loses stability at a 
point other than fold point, but the locations of these points differ in each 
model. Similar behavior can be seen in the two remaining cases (Figs. 1, 4, 5 
and 8). 

Analogous to the above testing conducted with the type Cy data, values of 
the parameterization functions F Q for the subset {1,2,5} were computed for 
the four test cases using the type Cg data described in Table 1. The values 
of hi and oi for each case are selected so that the regions of interest in 
Figs. 1-4 are bounded by vslues of h^ that are no more chan approximately 
1 *•! * ro “ th « ■»»»• vaulting value, of F a * r « nearly Identical to cho.. 

obtained with the type Cy dec. (and thus, not ahovn bar.), further confirming 
that tha a • 5 significant ci*u In (4.7) art thoaa required for an optimum 



parameterization of the components a 3 and d 4 . Moreover, the fact that the 
same values of \j and B yield similar values of r a 101 the homogeneous terms in 
each case in Table 4 indicates that these coefficients have functional forms 
similar lo those obtained in (4.1) ana (4.2) for the special case. It may be 
noted that values of F a were computed in a similar way for the special 
subsets {1,2,41 and {1,3,5}. The resulting values of the significant terms in 
the solution F a were the same as those of the analytical coefficients obtained 
for the parameterized components in each subset. For example, In (4.1) it can 
be shown that - ^/ v 2 * ^213 * 5.305. Unfortunately, such direct comparisons 
are possible only for the special cases, but they do demonstrate the validity 
of the numerical scheme. 

2) The subset {1,2,3} 

To apply the parameterization technique to the subset {1,2,3}, we begin 
with expressions for a 4 and that are analogous to (4.6). Again, we con- 
sider type C(j data and use the same intervals [h]^ a , h^] a3 before. However., 
in contrast to the preceding results, it is impossible to generate M - 10 
linearly independent equations from the original expansions In any of the test 
cases. In each case, the right side of the complete system contains one 
vanishing eigenvalue, indicating two linearly dependent equations. Here, it 
is difficult to suspect insufficient data coverage as beift£ che primary cause 
of this dependence, owing to the fact that the same intervals of h^ were used 
aa for the subset {1,2,5}. Also, the test cases are dissimilar enough to make 
it unlikely that, in every case, insufficient data coverage results in exactly 
one vanishing eigenvalue. Rather, this behavior may be either a result of the 
truncation itself, or the way in which the ten equations are generated. 

Following the procedure discussed in the previous section, we eliminate a 


column and corresponding row from the system until we obtain a set of 
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equations which yields nine nonzero eigenvalues. In all of tne test cases, 
the elimination of either the lines corresponding to the term F n 22*2^ or to 
the term F n 33 a 3 ^ yields a set of nine equations for which all eigenvalues 
Xu t 0. It may be noted that both of these terms are among those neglected in 
the parameterized expensions for the subset {1,2,5}. Moreover, if we solve 
the nine-equation systems which result when either of these terms is 
eliminated from the expansions, then the resulting m significant terms of F a 
correspond precisely to those obtained for the cubset {1,2,5}. From these 
results it is clear that the most general form for the parameterized 
components is analogous to that of (4.7). 

Because the parameterized components a 4 and a 5 are of the proper form, a 
steady polynomial is obtained easily for the parameterized subset {1,2,3}. 
Figs. 9-12 depict the numerical calculations of the steady solutions for the 
four test cases using the values of F a in Table 5. Again, the cross-sections 
reveal that the steady bifurcation points are preserved in the parameterized 
model so that the configurations of the solutions agree well with the original 
solutions in Figs. 1-4. As before, differences in stability may be attributed 
to Hopf bifurcations. 

Although the truncation type does not affect the optimum form of the 
parameterized expansions, it may indeed be a factor in determining the 
termination point M of the series ( 3 . 3 ). We note that the dependent equations 
in the linear system described above arise from the two terms in the expansion 
containing the squares of the disturbance components a2 and 93. Unlike the 
disturbance components a2 and &5 in the subset { 1 , 2 , 5 }, these components 
represent different phases of the same wave number n ■ 1 . As a consequence, 
it may be difficult to generate independent statistics corresponding to the 
terms a2 2 and S3 2 . Hence, one of these terms must be eliminated from the 
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Tabla 5. 


Values of the parameterization functions for 
the subset {1,2,3} u3ing type % data. 



Case 1 
[-0.05,0.05] 

Case 2 
[-0.5, 0.5] 

Case 3 
[-3. 0,3.0] 

Case 4 
[-0.4, -0.1] 

f 40 

0.58 

-0.83 

1.74 

-2.34 

f 41 

-1.68xl0 -13 

-4.69x10-1* 

-1.89x10-13 

4.44x10-12 

f 42 

0.15 

0.15 

0.21 

0.21 

f 43 

-1.91xl0" 12 

-1 . 18x10*8 

-0.46 

-0.46 

f 411 

-1.28x10*12 

1.45X10" 13 

-1.44x1 0 _ 1 4 

-5.08x10-13 

f 412 

-9.65x10*12 

3. 99x1 0 -8 

9.55xl0- 2 

9.55x10-2 

f 413 

-0.78 

-0.78 

-0.76 

-0.76 

f 422 

-3.5xl0 -14 

-3.20xi0 -13 

4.28x10-12 

4.16x10-12 

f 423 

3.35xl0 -13 

l.SOxlO -13 

-3.35x10-11 

-9.60x10-12 

f 50 

-1. 22x10*11 

-0.77 

3.07 

-1.65 

f 51 

-7.30xl0 -13 

-9.02xl0 -15 

2.84xl0-l 4 

1.33x10*12 

f 52 

-3.24xl0 -12 

2.33xl0- 8 

0.46 

0.46 

f 53 

0.15 

0.15 

0.21 

0.21 

f 511 

-2.69xl0“ 13 

5.42xl0“ 16 

2.33x10-15 

-1.19x10-13 

f 512 

0.78 

0.78 

0.76 

0.76 

f 513 

1.71xl0" n 

-1.80xl0” 7 

9.55x10-2 

9.55x10-2 

f 522 

-1.96xl0“ 13 

2. 08x10-13 

-5.36x10-13 

1.07x10-12 

f 523 

3.83xl0 -14 

3.52x10-13 

4.39x10-12 

-3.81x10-12 


3 


T 


T 


T 



Figure 9 Cross-section of the steady solutions to the parameterized subset 
{1,2,3} for case 1 using the values of F a in Table 5. The Hopf 

bifurcations that appear on the upper and lower solutions near 
hj - + 0.01 in the original model have been shifted slightly to 
approximately h^ • + 0.005. However, the sense of the stabilities 
of the upper and lower branches is reversed compared with the 
solutions in Fig. 1. 
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Figure 10 As in Fig. 9 for csss 2. Hero the upper breach Is unstable via a 
Hopf bifurcation. The Hopf bifurcation that appears on the lower 
branch in the original solutions near h^ « - 0.1 has been shifted 
to approxlnately h]_ ■ - 0.58 and the sense of the stability of 
this branch is reversed. 



10 



Figure 11 As In Fig. 9 for case 3. In construe to both Figs. 3 and 7, the 
lower branch, which tends toward strongly negative values of a^, 
is found to be unstable via a Hopf bifurcation. Note also that 
the upper solution is stable hare. 
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Figure 12 As in Fig. 9 for case 4. Here Che upper branch Is unstable via a 
Hopf bifurcation. Although a Hopf bifurcation occurs near 
bj ■ - 0.2 on the lower branch of the configuration, it is 
unnotlceable in the figure because this branch is unstable for all 
values of hi in the cross-section. 
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parameterized expansions in order to produce a linearly independent system. 
Similar results occur when che subset {1,4,5} is considered. In this case, 
the disturbance components both represent wave number a ■ 3. Consequently, 
the elimination from the parameterized expansions of one of the cerms 
containing the squares a or as^ is necessary to produce a linearly 
independent system of equations. In general, we may conclude that the 
physical differences between the class I and class II truncations have little 
effect on their abilities to reproduce the steady behavior of a larger system 
provided that the data coverage is sufficient. However, in cases where data 
is sparse, the use of a class II truncation, in which a representative of each 
wave number is retained, may be more likely to produce a sufficiently 
independent set of correlations in the data. 

c. Observable-data sets 

The feasibility of using this parameterization scheme operationally 
depends on its success when unstable solutions are excluded from the data. 
However, the maximum value of M for which a linearly independent system of 
equations can be generated may be reduced significantly when the data used to 
compute the moments includes only stable, or observable, solutions. This 
corresponds to data types Oy and 0^ in Table 1. It can be seen from Figs. 1-4 
that a significant loss of Information may result concerning the nonlinear 
characteristics of the cross-sections when the unstable solutions are 
excluded. It will be shown that, in some cases, this loss of information 
makes difficult the successful use of che Hermlte approximation of the 
moments, owing to the relatively severe limitation that hi and oi place on 
che data coverage. For brevity, we limit che discussion in this section to 
che subset {1,2,5}. However, we have verified that all remarks may be 
generalized to apply to both classes of truncations. 
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As in the complete-data experiments, M - 10 linearly independent 
equations can be generated to obtain the values of F a for case 1 (Fig, 1), 
using either data type Oy or 0^* The resulting m significant values of F a are 
the same as those obtained for the complete-data experiments shown in Table 4. 
Here, little information concerning the nonlinearity of the cross-section is 
lost when the unstable solutions are excluded because the stable portions of 
the upper and lower solutions overlap considerably. Thus, a sufficiently 
large region :>f multiple solutions remains to necessitate at least a cubic 
solution to the cross-section. 

We obtain similar results for case 2 shown in Fig. 2. Again, M » 10 
linearly independent equations can be produced using the type Oy data with the 
interval (- 0.5, 0.5]. Using the type 0^ data, we obtain ten independent 
equations by slightly adjusting the value of ai to include several values of 
hi which yield multiple stable solutions within a range of + ai from the mean 
hi. 

However, the maximum permissible value of M is less than ten for both 
test cases 3 and 4. For example, if we consider test case 3 and use type Oy 
data over the interval [- 3.0, 3.0], then we obtain three vanishing eigen- 
values on the right sides of the linear systems used to compute the values of 
F a . Thus, we expect that a maximum value of ii ■ 7 linearly independent 
equations can be generated from this data set. Using the expansion (4.7) from 
the complete-data experiments as a guide, in addition to the analytical 
results (4.1) and (4.2), we find that a linearly independent system of 
equations remains when the lines corresponding to the terms F n 22» Fn25 and 
F n 55 are eliminated from the system. When this is done, the remaining M - 7 
equations yield the same m significant values of F a found in Table 4 so that 

m 

eh. parameterized expansion, are of the fora (4.7). 


These results are remarkable because it can be seen by locating the 
stable solutions in Fig. 3 that a significant amount of information is lest 
when the unstable solutions are excluded. In contrast to case 1, the loss of 
information makes it impossible to generate M - 10 equations. But even this 
drastic loss of information affects only the termination point M of (3.3), and 
not the optimum forms of the parameterized spectral components. Thus, we see 
evidence again that the functional forms of the coefficients in the parameter- 
ized expansions are very similar to those of the analytical expressions (4.1) 
and (4.2), which depend only on the values of the parameters Dj*, B n , V n 
and It may be noted that for case 4, M - 9 linearly independent 

equations can be generated using the type Ojj data over the interval [- 0.4, 

- 0.1]. In this case, the elimination from the system of any of the lines 
pertaining to the three terms F n 22i F a 25 or F n 55 yields a solvable system of 
equations whose solution is analogous to the one shown in Table 4. 

The uximum permissible values of M for cases 3 and 4 are reduced further 
when type 0^ data is employed. By slightly adjusting the values of hi and ai> 
we obtain M - 5 and M « 7 linearly independent equations for cases 3 and 4 
respectively. For case 3, it is necessary to exclude all but the m 
significant terms from the original expansion. For case 4, the three terms 
F n 22» F n ^ and F n 55 must be eliminated. The resulting optimum expansions have 
the same forms as before, but Che values of the parameterization functions may 
differ in the first or second decimal places, especially in case 3. As in the 
complete-data experiments, tests were conducted in which the moments were 
computed using two hundred normally distributed values of hi instead of the 
Hermits approximation. This was done to determine whether the difficulties 
of the type 0# data axperiments were a result of the small number of data 
values used in the Hermit e approximation. However, the results of these 
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experiments were no more successful, and in some cases, were less successful 
than those obtained with the Heraite approximation. Thus, with observable 
data, data coverage requirements appear more readily satisfied by the use of 
uniformly distributed forcing values. Moreover, the use of normally 
distributed values of hi requires precise choices for the values of hi and a l 
when the amount of available data is limited. In contrast, with the random 
selecrion of uniformly distributed forcing values, the range of the interval 
(hi a , hifc] appears to be less critical for satisfying data coverage 
requirements • 


5. Conclusion 


A parameterization technique has been developed for general nonlinear 
hydrodynamics! systems via the objective use of data sets that are derived 
from the solutions to a larger model# The goal of this work, is to facilitate 
an improvement in the efficiency of truncated models of hydrodynamical flows 
by parameterizing nonlinear interactions involving components outside the 
truncated set# Toward this end, we have shown that the intricate branching 
behavior exhibited by the steady solutions to a severely truncated nonlinear 
spectral model can be represented successfully in a parameterized subset of 
this system provided we incorporate a knowledge of the general structure of 
the solution surfaces# The general implication of this result is that the 
loss of Information due to truncation in all hydrodynamical models is to some 
extent recoverable. Typically, this Information concerns the nonlinear 
interactions between different scales of motion In a flow, and represents the 
effects of physical processes that may be essential in predicting its 
long-term behavior# 

The general relevance of the results of this study derive from the fact 
that the basic mathematical structure of the forced, dissipative quasi- 
geostrophic equation is representative of that in most hydrodynamical systems. 
Moreover, the recurrence of this structure In the expansions for the 
parameterized spectral components appears to be fundamental to the 
preservation of the complete forms of the steady states# Not surprisingly, we 
found that the optimum form for the parameterized spectral components is that 
of a truncated power series containing terms analogous to those in the 
spectral equations themselves# In addition, by examining analytically certain 
special cases in the original five-component spectral model, we determined 
that physical effects such as rotation end forcing were controlled by 
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analogous linear and inhomogeneous terms in both the parameterized expansions 
and their analytically obtained counterparts. Owing to the tractability of 
such special cases , it is likely that their exploitation will be a necessary 
step in understanding many physical and mathematical aspects of future 
hydrodynamicAl models, such as the selection of appropriate truncations. 

The presence of specific nonlinear terms in the optimum form of cne 
parameterized spectral components appears to be a robust result that is 
unaffected by the characteristics ot a particular data set. The results of 
this study indicate that both the data distribution and the truncation type 
may affect the available number of degrees of freedom in computing the values 
of the coefficients in the parameterized expansions. In the most difficult 
cases examined here, the maximum amount of freedom is afforded by using 
uniformly distributed data with a truncation that retains a representative 
component of each wave number in the original model. However, it should be 
noted that all possible classes of truncations examined in this study 
demonstrated approximately equal skili in preserving the steady solutions to 
the original model. Also, additional tests are required to determine how the 
values of the coefficients in the expansions for the parameterized components 
will be affected by the use of dsta sets that are less well behaved than the 
ones considered in this work. 

The results of this study suggest some important topics for future 
research. An obvious example is the application of this parameterization 
technique to eignif lcantiy larger hydrodynamlcal models containing many 
components. Research in this area might be useful in determining the extent 
to which we can parsaeterlze Che nonlinear proceesae in a model without 
eignlficancly altering the behavior of the system in its original fora. This 
information could be used as a guideline in attempts to represent the behavior 
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of a large complicated model via a smaller parameterized subset of the 
original system* 

Another topic of future research is the preservation in th* parameterized 
models of the stabilities of the original steady solutions by accounting for 
the appearance of Hopf bifurcation points. These are points at which a steady 
solution loses stability to a temporally periodic one. Procedures must be 
developed to incorporate information into the parameterization scheme 
concerning these temporally periodic solutions. Work on this issue has begun 
in Chapter 6 of Shirer and Wells (1983) concerning the unfolding of spectral 
models. This work may provide some insight into the development of parameter- 
ization techniques in which the parameters necessary to portray temporally 
periodic behavior may be identified. 

Finally, because all hydrodynamical models consist of finite stems of 
ordinary differential equations, we believe that advances in numerical 
modeling techniques derived from studies of low-order spectral models will be 
applicable In a general sense. 
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Appendix B 

Definitions of Parameters in the Truncated Steady Spectral Model (2.5) 

The parameters of £)„, V n , Bn and h n in (2.5) are coefficients that 
represent the effects of nonlinear int elections , viscosity, rotatior and 
forcing respectively, and arc defined as 


I. Interaction coefficients: D, ■ 


°3-[ 


D. - [ 


X 3 “ X 4, 

4k 

1 X J 

A l 

15x 

X 1 " X 3i 

8k 

• X, ' 

3s 

L 


X 1 " X 5i 

8k 

X 2 

15s 

X 1 - X 3i 

8k 

‘4 1 

15* 

X 1 “ X 5i 

72k 

X 4 

35s 


II. Viscous tetris: V n ■ vX n 

III. Rotation terms: b ■ 

n \ 

n 


n • 1, . . . ,5 


n * 2,. ..,5 


IV. Forcing terms: h, ■ — 

1 X, * 


2H 


n X x 
n 


n » 2, 
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1. Introduction 


Recently, Hiller and Gall (1983a) presented the results of a numerical 
Investigation of the axisymmetric states for an incompressible fluid in a 
spherical shell. The work represented an extension of the work by Williams 
(1967) for the cylindrical annulus. In part, the work reported by Miller and 
Gall was motivated by a desire to model the base states that may be observed 
in the NASA Spacelab experiment AGCE (Atmospheric General Circulation 
Experiment). This experiment will study the response of an incompressible 
fluid, confined to a hemispherical shell, to imposed external temperature 
differences. The fluid will have a dielectric property such that an electric 
field across the shell will simulate the effect of gravity. More information 
on this experiment may be found in Miller and Gall (1983a), Fowlis and Fichtl 
(1977), and the NASA Contractor Report NAS8-3198 (Hart 1984). 

From the report by Hart (1984), it appears that the experiment may not be 
suitable for a study of fluid response to baiocllnlc effects. However, the 
studies of deep, buoyant convection remain appropriate for the experiment. 

The numerical re* ts of Miller and Gall (1983a) and Hart (1984) give 
some indication or th- 'ntlal problems that may arise when the parameters 
of the experiment are chosen to be representative of large-scale flows. The 
velocities in the meridional plane are mostly restricted to boundary layers 
near the walls of the shell. The zonal flow reaches the largest values at 
high latitudes, and shows a rather complicated structure. These results raise 
some questions as to the usefulness of the AGCE experiment as a model of 
atmospheric flows. It is also difficult to point to the specific deficiencies 
that lead to the results. 

In addition. Hart examined the axisymmetric states for stability to 
quasi-geos trophic disturbances. He concluded that the geometry of the cell 


was not adequate to model flows characterized by sufficiently small Ekman 
number for baroclinic instability studies. 

While these studies seem to preclude the use of the GFFC (Geophysical 
Fluid Flow Cell) for large-scale baroclinic studies, they at least do suggest 
something of the nature of the axisymmetrlc flow of the atmosphere. There are 
some striking similarities between these results and the results that were 
obtained in the dissertation study 1 completed (Henderson 1982 - designated by 
H). The numerical method used in H was that of a spectral approach, and the 
fluid was taken to be compressible. The forcing was chosen to be internal 
heating, and was based upon observational studies of large-scale, atmospheric 
heating patterns. In spite of these differences, the flow in the meridional 
plane was very similar to the results of Miller and Gall (1983a). Further- 
more, when the axisymmetrlc flow was tested for stability to quasi-geostrophic 
disturbances, the transition from lower symmetric Hadley to Rossby regimes was 
found, but no upper symmetric regime could be found. This result is 
consistent with the speculation presented near the end of the Miller and Gall 
(1983a) paper. Since the findings of this study are in agreement with and 
extend the results of these other studies (although the modeling techniques 
and physical properties of the fluid are different) a description of the 
results in H will be of interest to those investigators studying large-scale 
axisymmetrlc flows. 

Lorenz (1953) was apparently the first to point out that a heated, 
rotating fluid possesses an axisymmetrlc solution which is capable of 
achieving the necessary fluxes of heat and momentum between the appropriate 
sources and sinks. For certain ranges of heating and rotation rates, the 
axisymmetrlc solution is unstable to asymmetric disturbances. A circulation 
pattern characterized by horizontal waves appears, and the axisymmetrlc 
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solution is never observed in laboratory experiments. In order to determine 
the values of the heating and rotation parameters that will show the wave 
regime for the AGCE experiment, it is thus necessary to calculate the base 
states first, and to then test them for stability to asymmetric disturbances. 
Miller and Gall (1983b) do perform such a stability test, but for the 
cylindrical annulus. A paper describing the results for a sphere has been 
promised, but has not been published as of June 1984. 

The direction of this study will also be two-fold. In the next section, 
a mathematical model of compressible,, axisymmetric flow will be presented. 

The physical basis of the model and some of the assumptions made will be 
explained. The last part of the section will show the results for a few 
selected cases of steady, axisynaietric flow. The third section will use the 
results of the axisymmetric calculations for a stability study. The 
axisy«r' ,fc ric base states will be tested for stability to quasi-geos trophic 
disturbances. The stability tests are by no means exhaustive - they were made 
(at the time) in order to show the practicality of doing both base state and 
stability calculations by a spectral approach. Perhaps more suitable 
parameters could have been chosen here, but the results demonstrate that the 
transition curve to Rossby flows may be found numerically. The final section 
is a discussion of the results and some of the limitations that were 
encountered. 
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2. Axlsymmetrlc Model 

The system of equations developed in this section will nndel the steady 
solutions t-n t-he atmospheric global convectioi problem. The model was 
presented by Dutton (1982) in order to establish mathematical existence and 
uniqueness of the Hadley response of the atmosphere to axisynmetric heating 
fields and viscosity. The equations will be presented here because of the 
different coordinate system used in this study. 

The last half of this section is a discussion cf the numerical results 
from the model. Figures from two cases are shown, and other cases are 
compared qualitatively to the presented cases. These results are also 
compared to those of other investigators. 

a. Axlsymmetrlc Model Equations 

The meteorological equations are most naturally set in spherical 
coordinates, but the spherical framework, contains terms that are not essential 
to a mathematical model of global convection. Consequently, it was decided 
that a rotating cylindrical system would be simpler and would retain the 
necessary terms for a suitable model. Figure 1 shows a thin disk rotating 
about a vertical axis. As the disk rotates, it sweeps out the volume of a 
sphere. The axlsymmetrlc motion over a rotating sphere and the motion over 
the rotating disk would be similar except for the horizontal convergence due 
to the converging meridians in the spherical case. The terms that account for 
horizontal convergence are generally several orders of magnitude smaller than 
the most Important terms. Thus a geometry that does not contain such terms 
should be able to model the problem of Interest here. 

Since the problem to be studied Is essentially one of convection, it is 
also possible to linearize the pressure gradient (Bousslnesq approximation) by 
neglecting small density changes from a known reference state. It is also 
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appropriate to neglect such small departures in the continuity equation (deep 
convection approximation). In order to maintain energetic consistency, the 
first law of thermodynamics is replaced by one governing the evolution of 
potential temperature perturbations. The result is a model adequate for the 
study of deep, global convection. The five, steady equations are 


7 air + w 77 + Zii 0080 v ■ 

a o 0 aZ X 
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(2.1) 

( 2 . 2 ) 


(2.3) 


(2.4' 


(2.5) 


where 6 la co-latitude and v Is positive southward, u is the zonal velocity, w 
the vertical velocity, a the radius of the earth, ft the angular rotation of 
the earth, n the product of the Exner function perturbation and the reference 
state potential temperature, F x ( ) is an unspecified forv of friction, g is 
gravity, Pr the Prandtl number’ (Pr " v/k), Cp the specific heat of air at 
constant pressure, T is temperature, p is density, Hq a scale height of po- 
tential temperature (1/Hg - 1/d 30/3z), z .'.he vertical direction, and a scaled 
potential temperature perturbation (t • 8'/Ko 0 where 1/K ■ (gHg/Pr)^^. 

These five equations may be simplified further, because the two- 
dimensional continuity equation permits the definition of a meridional stream- 
function. It may be verified by substitution that w ■ - 1/a 3^/36 and 
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T 


v • 1/po 3(po+^ 3z satisfy the continuity equation. The vorticity is, 
approximately, c. ” 3v/3z - 1/a 3w/30. In terms of the streamfunction, the 
vorticity becomes c, m - 1/H 3\|»/3z where H is the scale height for iensity. . 
The Laplacian is 


,2 ( , ,ii) 

^ 2 „„2 2 
a 30 3w 


( 2 . 6 ) 


A meridional vorticity equation may now be formed b> differentiating the 
meridional momentum equation with respect to z and subtracting it from the 
vertical momentum equation differentiated with respect to co— latitude. The 
original five equations are redi ced to Just three, along with the definitions 
of v and w in terms of the streamfunction. These three equatione are 
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The form of friction has been specified here. 

These equations sMll contain more information than is needed to model 
the axlsymmetrlc flow. The usual method used to determine the Important terms 
of the model is scale analysis. In order to supply estimates of the various 
terms, some knowledge of the answer is needed. This approach has been 
successful in desling with quasi-geostrophic flow (and other types), but has 
been less successful with axisymsMtric flows. In light of these problems, 
this study first employed the fvU s*!t of three equations 2.7 - 2.9. The set 
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was solved at a truncation level that was quite severe. These results allowed 
a comparison of the various terms i.i the three equations. it was found that 
the three nonlinear term.j in the vorticity equation were several orders of 
magnitude smaller than the remaining terms. This meant that the zonal flow 
was nearly in geoatrophic balance, except for the effects of dissipation at 
the upper and lower boundaries. The results Also shoved that the meri lonal 
transport of temperature in the first law was smaller than the vertical 
transports, in k eping with dart's (1984) estimates. In addition, the 
meridional transport of zonal momentum in the first momentum equation was 
generally smaller (by about an order of magnitude than any of the other 
terms). However, these two meridional transport terms were retained in this 
study, as their importance near the boundaries could be greater. The final 
sc r of equations becomes 

7 ~ + w 77 + 2q cose v - va V ’ p Vu (2.10) 

a do v z o o 

T ft * “ fi> * ^v 172 * ■ ’ + 'V • ‘>o ,T (2a ' 

(«Pr/H,)* /2 7 ft - 20 co.e fj • vo 0 7 • P 0 7; (7.12) 

Ic aay be of Interest that the reduced eet of equation* foraed by deleting the 
Mrldlonal transport teraa and th* dissipation of voracity permits the 
formulation of a single equation lu term* of Lh* potential temperaturt 
perturbation. This can ba done, provided that the static stability Mats 
ctrtain r.quir.Mi-ts. Parhapa th* rasulting equation could be of use in 
certain analytic studies of axisymMtrlc flow. 

The distribution of the aoepherlc variables over a sphere corresponds 
to that of even sodas. Specifically, variables such as tha sonal wind, 
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temperatures, and isobarlc heights are nearly symmetric about the equator. 

The meridional wind component is approximately antisymmetric. In terms of the 
variables used in this study, consistency is achieved if the zonal wind, 
temperature perturbation, and heating function are latitudinally symmetric 
while the streamfunction is latitudinally antisymmetric. With these relation- 
ships in mind, an Inspection of the three equations of tie axlsymmetric model 
shows that the terms in the zonal wind equation and the first law of thermo- 
dynamics possess even symmetry about the equator, while the meridional 
vortlclty equation has antisymmetry about the eqmtor. The total number of 
modes is about half that of the general case. 

The symmetry conditions for the three variables is as follows 
N+l 

u ~ I u (z) sin(ne) (2.13) 

n odd n 

N 

t •* l 4> n (z) 8in(n0) (2.14) 

n even 

N 

t ~ T t (z) co8(ne) (2.15) 

** n 

n even 

It onouid be noted that the expansions for u and t (both symmetric about the 
equator) difJer from each other. This Is due to the additional Imposed 
boundary conditions at the pole - u oust vanish at the poles, while t 
generally does not. must also vanish at the poles - this means that 
vanishes at all the boundaries along with the first derivative at the upper 
and lower boundaries. 

The variables were expanded in _ series of orthogonal functions that were 
most suitable to reduce the complexity of the dissipation terms. For example, 
the sonal wind Is expanded in terms of the functions that are the solution to 
the pioblea 

OoV * p 0 Vu ■ - Xu (2.16) 
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The boundary conoition was taken to be the no-slip condition, that is u ■ 0 at 
z * 0,Zf« This effectively places a lid at the upper surface. The lid allows 
an expansion of discrete functions for all three variables, but apparently 
results in some unrealistic solutions for some parameter values. Seme of the 
consequences of the lid are discussed later. 

As a result of solving the eiger value problem for u, the following 
expansion is obtained 

N+l M z/Z 

u ■ J I u n sin(y^)e (2.17) 

n odd m*l X 

The vertical inodes are simply a sine expansion on a half interval, with the 
size of the function increasing upward due to the exponential weighting. 

The potential temperature perturbation is expanded in terms of a similar 
equation 


a Q V * Po^ T ” “ It ( 2 . 18 ) 

But the boundary conditions at the lower and upper surfaces ate different from 
the zonal wind case. For the temperatures, the first derivative is taken to 
b ; zero at these surfaces - in effect, an assumption that the boundaries are 
Insulated. The resulting expansion containr two parts - one of which 
possesses no vertical variation. The expansion is 

N N M z/Z 

t ■ \ r* cos(n0) + J I T n C08 ( n ®''{* in ( 2 “”) “ cos(-~-))e 

n even n even m^l x t 

(2.19) 


The /ertlcal eigenfunctions sre trigonometric, have the first derivative zero 
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at the upper and lower boundaries) and increase upward in size because of the 
exponential weighting. 

The streamfunction is expanded in terms of the solution to the equation 
* Po?W * PoV*) - (2.20) 

This equation differs from the defining equations for u and t in that it is 
fourth order, an t the right haud side contains instead of - V. The latter 
condition is simply taken for convenience. 

A fourth order problem requires two additional boundary conditions beyond 
the previous second order problems. However, these additional conditions 
follow quite naturally from the no-slip condition used previously. The 
velocity components are related to the stteam function by the equations 
v « 3*/3z - \|>/H and w ■ - 1/a 3^/36. The condition of no-slip requires that 
v - w • 0 at the upper and lower surfaces. It is seen by Inspection that the 
conditions 3t|i/3z “ 0 and ^ ■ 0 fulfill these requirements. 

The solution to chis type of eigenvalue problem has been presented by 
Harris and Reid U958). The present treatment differs from their problem in 
that there is a vertical weighting by density here, and a resulting shift in 
the position of the eigenvalues. Hence, the eigenvalues were calculated 
numerically and stored. 

The solution to the problem (called Chandra functions in the engineering 
literature) behave like trigonometric functions in that they may be separated 
into even and odd parts. These parts will be designed by 
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and 
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where 
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and the scaling factors are 
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The eigenvalues are denoted by the X's. These results allow the Btream- 
function to be expanded according ro 


N M . z/Z_ 
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n even bpj. 


(2.28) 


a a 

where the even and odd coefficients have been taken to be e and 6 

T n v n 

respectively. 

Because these functions are not routinely found in th .= meteorological 
literature, graphs showing their behavior against z are presented In 
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Figures 2a and 2b. Once again the size of the eigenfunctions increases with 
height due to the effects of stratification. 

The spectral equations are obtained by substituting the expansions for 
each variable into the three equations 2.10 - 2.12. Each equation is 
multiplied by a particular eigenfunction of the dissipation term, and the 
result is integrated over the meridional domain. The details of the procedure 
are excessive, and will be omitted here. The resulting equations are also 
quite lengthy, and therefore have been placed in the Appendix. 

The treatment of the heating term is based upon work of Johnson and 
Dutton - a figure of which may be found on page 407 of Dutton (1976). It was 
found that the heating field may be adequately expanded in terms of the 
potential temperature eigenfunctions. Higher levels of truncation reproduce 
the original picture quite closely, but it is the highly truncated ones that 
were of Interest in this study. Figure 3 shows the field that is obtained 
from a truncation point of m * 1 and n ■ 2. The heating is found at low 
levels in the tropics, while the cooling is generally distributed throughout 
the polar regions. It is this picture of idealized heating that was used in 
the numerical studies that follow. 

b. Axisymmetrlc Results 

Because of the nonlinear nature of the axisymmetrlc model, the task of 
finding steady solutions to the model was attacked numerically. Several 
algorithms were tested, but most were unable to determine a solution unless 
good initial guesses were supplied. An algorithm that was less sensitive to 
the initial guess was found in the International Mathematical and Statistical 
Library of Subprograms (IMSL). The routine, called ZXSSQ, used the Marquardt- 
Levenberg technique to minimize the sum of squares for the more general case 
of a nonlinear least squares problem. The routine would also seek the 
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Figure 2b Plots of the first two odd nodes of the vertical part of the 
8treanfunctioc expansion. The nodes are unnornallzed. 
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Figure 3 
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The spectral expansion of the net heating field at a truncation 
point of nrl, n*2. The units are °C day”*. 




solution of an exactly specified nonlinear system if the tolerance of the 
residual sum of squares were set to a very small number. The routine proved 
to be quite satisfactory in practice. Solutions were always found as long as 
the parameters of the model were within a factor of five of values normally 
associated with the atmosphere. For parameter values outside this range, ■» 
routine would usually not be able to arrive at a solution within a reasonable 
amount of time. It was not determined if more time were needed, or an 
Improved initial guess were required. Since the model was scaled for 
conditions not unlike those observed for the atmosphere, the model solutions 
associated with extreme parameter values may be of little value. The reader 
is referred to the IMSL documentation for fu: ner Information and references 
regarding the Marquardt-Levenberg technique. 

Iu order to demonstrate the nature of the solutions that were found, 
figures from two of the cases were selected for discussion. All of the cases 
of this study used the idealized heating pattern mentioned earlier, and 
contained 23 coefficients at a truncation point of wavenumber 2 in the 
vertical and wavenumber 5 in the horizontal* Also, the Prandtl number was set 
at a value of 4. 

The first case used the unsealed heating values from the Idealized 
pattern. This meant that the differential heating between pole and equator 
was about 1.4°K The viscosity was taken to be 37 m^sec - ^, which may be a 
little low for the scales under consideration, but is difficult to specify 
more exactly in any case. 

The zonal wind speed is found to be about 12 m sec“* at 50*N and 8 km 
(Figure 4). There is no indication of any strong boundary layer effects at 
any boundary. This is due in part to the restricted resolution of the model, 
although tests with a truncation point that Included one more wave in both the 
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vertical and the horizontal showed no significant differences from these 
pictures. The temperature field, shown In Figure 5, shows the correct slope 
for approximate geostrophlc balance. There Is a reversal of the gradient 
above 10 km. A check of the static stability showed values that were much 
higher than In the observed atmosphere, 'his may be inferred by Inspection, 
since the isentropes are rather evenly spaced throughout the domain. In the 
atmosphere, the isentropes ire spaced further apart in the troposphere and 
packed more closely in the stratosphere. 

The picture of che meridional s treamf unction, shown in Figure 6, Is most 
luteresting. The pattern Is one of a two-cell structure, with the position of 
the upper cell being a little closer to the pole. The basic cell is a 
thermally direct one, but there is some "leakage” of the return flow at middle 
levels. The northward flow (Figure 7) reaches a maximum at two levels, with 
the flow in the top level moving at 2.5 m sec~l and in the lower level at 
1.5 m sec~l. The return flow also occurred at two levels, with the stronger 
flow near the surface. Here che flow reaches 1.5 m sac”* , while in the upper 
cell the maximum speed was 1.0 m sec"*. The vertical motion field, shown in 
Figure 8, also reflected the two-cell structure. The maxi mu u vertical 
velocities were about 0.15 cm sec - *. 

A number of experiments were run with different values of the parameters. 
It was found that Che most important parameter in determining the meridional 
cell structure was the eddy viscosity. The two-cell structure appeared for 
values of v below 100 m 2 sec"*. For larger values, the meridional flow war in 
the form of a single, direct Hadley cell. An example of the streamf unction at 
the same parameter values for the preceding example, except that the value of 
v is taken to be 148 m^sec - ^, is shown in Figure 9. It is seen th- the 
circulation is one ~.2 « direct cell, centered at 40*N and 6 km. It was also 



Figure 5. Ceae 2. The potential temperature field from a model with 23 

coefficients and parameter values of Pr»4, vj-H, aid v-37 m 2 sec” 1 . 
The contour Interval is 25 *K. 
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Case 2. The atridional streaaf unction field froa a aodel with 23 
coefficient* and paraaete? value* of Pr*4, Q-H, and v*37 a* sec -1 
The contour Interval is 1000 a^ sec -1 . 
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found that a reduction in the rotation rate would also favor a single cell. 

For a viscosity value of 100 m^sec - *, it was necessary to lower the rotation 
rate to 50 percent (and less) of the rotation rate of the earth in order to 
produce the single cell. 

It might be assumed that the meridional circulation was splitting to a 
multi-celled structure as the flow became more energetic. While this study 
could not absolutely deny the possibility that an even greater number of cells 
might appear, the results of other cases with even lower values of viscosity 
suggested that there was actually a simple shift of the center of the Hadley 
cell to lower levels of the domain. There was little evidence to suggest that 
the flow would proceed to an even higher number of cells as the viscosity was 
decreased further. 

There were several runs made with different values of the heating 
field. All of the runs used the same idealized pattern, but the entire field 
was multiplied by a scaling factor to achieve different heating gradients. 

The results were quite consistent in that the response of the flow was nearly 
linear to the heating field. That is, if the heating field were scaled larger 
by a factor of two, the zonal wind maximum and the maximum streamf unction 
value also Increased by a factor of two. Raising or lowering the heating 
values did not result in important changes in the overall patterns of the 
dependent variables. 

There were also two experiments made tilth different choices of 
resolution. Neither experiment suggested that there would be strong flow in 
very narrow boundary layers as the resolution was Increased, but then again, 
the addition of only 1 or 2 wavenumbers in either the vertical or horizontal 
direction may have been Inadequate to answer this question. A check of the 
energy by wavenumber showed that the spectrum dropped sharply with Increasing 
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wavenumber - but It was only possible to check this out to wavenumber 8 In the 
horizontal. Perhaps a more detailed heating pattern would force a more 
complicated fluid response. 

Also shown Is a case where the various parameters In the model have been 
set to what Is believed to be most nearly the proper atmospheric values. The 
resolution has been Increased by one additional wavenumber in each direction 
(for a total of 46 coefficients) and the differential heating has been 
increased by a factor of 2 (for a pole to equator difference of 2.8°K). The 
rotation rate is that of the earth. This picture , Figure 10, shows that the 
two-cell structure is dominant, with the upper cell displaced toward the pole. 
The picture is quite similar to the results of Miller and Gall (1983a) as 
shown in their Figure 5(A). This similarity has occurred In spite of 
different numerical procedures, large differences in model resolution, 
different heating configurations, and fluid compressibility - to name the more 
important differences. However, in contrast to the results of Miller and Gall 
(1983a), the zonal wind pattern was found to be quite smooth - it is not shown 
because it differs little from the pattern In Figure 4. The maximum value is 
15 m see - * and Is found at 45°N rather than at 50 # N as in Figure 4. 

The axlsymmetrlc flow described so far Is Interesting in its own right. 


But the logical next step is to seek some answers as to the stability of the 
flow. Specifically, at what parameter values will small asymmetric 
disturbance begin to grow? 
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3. Asymmetric, Quasi-Geos trophic Model 

The axisymmetric equations cannot be easily extended to three dimensions 
tor a stability study. In order to do so, it would be necessary to Include 
the pressure perti>*-h«tion that was eliminated in the axisymmetric formulation. 
Also, the simplifications obtained by using a meridional streamf unction in the 
axisy metric model cannot be extended to the three dimensional case. So, 
instead of studying the full three-dimensional problem, it was decided to 
study the stability of the axisymmetric flow to quasl-geostrophic 
disturbances. There is just one equation governing the evolution of quasi- 
geostrophic disturbances, and these disturbances are the most apparent of the 
transient synoptic features, 
a. Quasi-Geon trophic Model Equations 

A quasi-geostrophlc model may be developed from the original global model 
that was presented in Section 2a. Of course, the time derivative terms must 
be retained here. The quasi-geostrophic scaling assumptions (Dutton 1976a) 
which are used here are: 1) a vertical scale height of about 8 km, 

2) horizontal scales of about 1000 km (quarter wavelength), 3) time scale of 
one day (quarter period), 4) Ross by number of about 1/10, and 5) a Richardson 
number of about 30. It will be noted here that the friction term will be 
retained in the model, in spite of the fact that the scaling results would 
indicate that its magnitude is small and should be omitted. The term is kept 
because it is desired to study the forced disturbances and the friction term 
is the dissipation mechanism. If the horizontal velocities are assumed to be 
representable through the streamf unction \|>, then the velocities and vorticity 
may be written u ■ 1/a 3^/39, v • —3 41/ 3 x and ^ • (l/a3u/36 -3v/3x) • Vg^. 

The quasi-geostrophic equation may be expressed 
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The perturbation equation may be gained by following the usual procedure, 

where the streaaf unction is assumed to be composed of a basic state plus a 
disturbance 4 * - ♦ + *' where the circumflex denotes the base state and a prime 

indicates the disturbance. If this decomposition of 4 , is substituted into the 

expression for the quasi-geostrophic potential vorticity, there results 


+ t ;)l + (3 - 3> 

» » 
c + t 


The hydrostatic equation has been used to relate the vertical derivative of + 
to the reference potential temperature. Finally, the quasi-geostrophic 

equation may be separated into one equation governing the growth of the 
disturbances 


197 


iil + + + 2 .fl a A n e . i4l 

3t dx a 30 3x a 36 a 3x 


^,(7 h V ♦ 1 


Pr p o 


“r <»„ **!» 


3z 


° . * 
3z 


(3.4) 


» 


and another equation for the quasi 6 eostrophic base state 
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This last equation Is not used to supply the base state in this study; 
instead, the results of the axisyametrlc experiments of the previous section 
are substituted. It may be seen in this last equation Just what the important 
difference in form is between the axisymmetiic model and the quasi-geos trophic 
axisymmetrlc model. In the case of the former, it is the vertical advection 
terms which are most important, with .he horizontal advection terms playing a 
less important role. The situation is Just the opposite with the quasl- 
geostrophic features. 

In order to transform the equation to the spectral form, It is necessary 
to first specify the form of the eigenfunctions of the streamfunction. This 
is gained by solving an eigenvalue problem - in this case the most natural one 
is to require the quasi-geos trophic potential vortlclty to satisfy 
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The horizontal boundary conditions are taken to be cyclic in the longitudinal 
direction, and the condition 3^'/3x ■ 0 at the latitudinal boundaries 0, n/2. 
This last condition does not permit any flow by the perturbations through the . 
lateral boundaries. Thus the domain may be viewed as a channel with lateral 
boundaries at 0 and w/2 with the flow patterns repeating every 2* in the 
longitudinal direction. 

The specification of the vertical boundary condition is more difficult. 

It would be best if the no-slip condition could be specified at tne upper and 
lower boundaries, along with the condition of no heat flux. However, the 
posed eigenvalue problem is of second order, so it is not generally feasible 
to fulfill all three conditions simultaneously. It seemed that the choice 
Jr' ■ 0 at the two surfaces satisfies at least two of the three conditions. 

The perturbation velocities and the vortidty will be zero, but the condition 
of no heat flux is not satisfied. As a consequence of the heat flux at the 
boundaries, a vertical velocity may occur there, although there is no 
horizontal motion. It may be found from the first law of thermodynamics, in 
the absence of friction and heating, that the vertical velocity at the upper 
and lower boundaries may be related to the local time derivative of the 
temperature perturbation by 

If + <p£- ,l/2 * - 0 «- 7 > 

0 

As discussed in Dutton (1976b), the upper and lower surfaces are not true lids 
but may be viewed as surfaces to adjacent boundary layers. 

The eigenvalue problem may be solved by standard methods, and the 


i 


** l 


\ 

i 

» 


I 

i 





expansion la found to be 
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Note that the expansion in the vertical and latitudinal directions is just 
that of a sine expansion, while the longitudinal expansion is a general 
trigonometric one* 

The expansion for may be differentiated as needed and substituted back 
into the quasi-geosirophic equation. The base state variables are 
differentiated from their spectral forms given In section 2.1 and also 
substituted into the equation. The equation is now multiplied by a particular 
function of the perturbation streamfunction, and integrated over the domain. 
The resulting spectral equations are again quite lengthy, and may be found in 
the Appendix. 

b. Stability Results 

It was found by experim< itation that the stability of the basic state was 
strongly dependent upon the magnitude of the eddy viscosity coefficient. The 
magnitude of the viscosity coefficient used to obtain the axisymmetric results 
was in the range 10 -ISO m^sec"*. When a coefficient in this range was used 
in the linearized model to test for stability, it was found that the basic 
state was stable to all but the most strongly heated cases. Further thought 
suggested the reason for this result. In the axisymmetric case the eddy 
viscosity formulation was being used to parameterize the effects of sub-grid 
processes. Richardson's work (1926) appears to supply reasonable estimates of 
the eddy viscosity coefficient in this case. But the linearized model demands 
not a aub-grld parameterization, but an estimate of the actuel dissipation 
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mechanisms effecting the pertur'.-ations. The size of the coefficient must be 
reduced considerably in order to model just the dissipation mechanism. 

The size of v £ may be estimated in the manner of Dutton (1982). For 
standard atmospheric values of the known variables, the range of . nd 

to be 0.4 - 1.2 m^sec - !. Accordingly, with this uncertainty of * th' va. : e 
of 1.0 m^sec - * was selected to be the representative value. 

The position of the transition curve between the Hadley and Rossby 
regimes has been reported from laboratory experiments (Fultz et al., 1959), 
deduced from a low order model (Lorenz, 1965), and calculated numerically 
(Miller and Gall, 1983) for the annulus. Apparently there have been no 
similar calculations for the atmosphere although the position of the curve has 
been estimated by Gelsler and Fowlls (1979) and Dutton (1982). The estimate 
from Dutton (1982) shows that the curve is considerably to the left of the 
results from the annulus experiments, although there is some uncertainty due 
to the high orders of some of the parameters involved. For example, the 
abscissa of the figures shown by Dutton are proportional to h*. An error of 
two In the estimate here will shift the curve left or right by a factor of 16. 
In spite of the uncertainties, there is approximate agreement as to the 
position of the curve from the calculations performed here and the estimates. 

About 20 base states were calculated from an axlsymmetric model with a 
value of the eddy viscosity set to about 15 m^sec”! and Pr ■ 4. The heating 
rates were varied from Q • 0.5H to Q * 10H (H represents the unsealed heating 
field values), and the rotation rates are varied from 0.25ft „o 1.5ft. These 
states were then tested for stability to asymmetric, quasl-geostrophic 
disturbances. The results for rotation rates smaller than 0.25ft and heating 
rates larger than 10H are probably out of range of the original scaling of the 
axlsymmetric sodel. For this reason, the stability results of Figure 11 do 



p, *■**>>■- 




a 

0.3 0.4 0.5 0.6 0.7 0.8 1.0 1.5 2 



Figure 11. Flow reglaee for quasl-geoatrophlc dlscurbencee growing 
«C Che expense of s calculated axlsymmetrlc flow. The 
calculated flow was from a aodel with 23 coefficients, 
v s 15 m* sec”*, and Pr*4. The stable Hadley regime is 
found below the heavy curve, while the Rossby regime Is 
found abovs It. The Initially dominant longitudinal 
wavenuabers are Indicated by numbers nsxt to the sampled 
points. Points represented by open circles were stsble. 
The abscissa Is the Inverse square of the Ekaan number 
(proportional to Q*) while the ordinate la the thermal 
Rossby number (a measure of the horlsontal temperature 
gradient). 
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not show data points beyond these values. In the Figure, the open circles are 
stable points, while the numbers next to the triangles indicate the 
longitudinal wavenumber of the most rapidly growing asymmetric disturbance. 

The dashed lines indicate, approximately, the regions dominated by a 

V 

particular mode. The Ekman number is given by Ek ■ • 

2tlh Z 

There are three points to ^ mentioned concerning these results. First, 
the agreement between Dutton's estimates and the present calculations is good 
provided that the scaled value of d is 450 m. This number seems reasonable as 
is the quarter-wavelength of the eddies in the free atmosphere which seem to 
be u)st Important In the dissipation of energy. Second, the transition curve 
appears at a value of the vertical wind shear o. 2 m aec - l-km"l — in 
agreement with the results of haroclinlc instability studies. Thitu, the 
dominant wavenumber decreases with decreasing values of Ek~^, in agreement 
with the results of Gelsler and Fowlls. 

The transition curve represented a true instability boundary from a 
steady regime to a wave-like regime. The eigenvalues of the frequency 
occurred in complex pairs. The real part was negative for the stable cases, 
indicating that the disturbances were being damped. But as the heating was 
Increased, the real part approached zero and finally changed sign — 
indicating an amplification of the disturbances. Since the imaginary part was 
nonzero, the amplifying disturbances were also periodic (wave-like). This 
behavior of the eigenvalues signals a Hopf bifurcation. For a point that is 
barely unstable — at a value of Ek“^ ■ 220 in Figure 11 — the e-foldlng the 
was about 1800 days and had a phase speed of 3 a gee”*. The most unstable 
point at the sane value of Ek~^ had an e-f:clding time of 8 days and a phase 
spaed of 7 m sec~l. 
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Further study was made of the growth rates with a different set of 
axisyometrlc model parameters* The goal here was to seek the axlsymmetric 
state which would yield growth rates similar to results published in other 
studies. 

Giesle. and Garcia (1977) Illustrate the initial growth rates for 
disturbances growing in a baroclinically unstable, horizontally uniform zonal 
flow. The conditions are assumed to be inviscld. Both the Green modes and 
Chamey modes are present. The calculations were performed for several 
combinations of three wind profiles and two temperature profiles. The results 
Included a description of the amplitudes and phases of the unstable modes, but 
it is the growth rates that will be dlscusseo here. 

It was found thtt Charney modes had an Initial e-folding time of 2.5 days 
and the green modes about B days for profiles of wind and temperature that are 
characteristic of the aid-latitudes in winter. The calculations were repeated 
with the same wind profile and an 1& .theriaal temperature distribution in order 
to assess the effects of increasing static stability. The results Indicated a 
generally slower rate of growth for all waves. The Charney modes had an 
e-foldlng time of 3 days, and the Green modes about 11 days. 

In order to compare the results of Gelsler and Garcia with those of this 
study, it was decided to calculate axlsymmetric base states for Increasing 
heating rates and to test them for stability to quasl-geostrophic 
disturbances. A model of 46 coefficients was selected (v ■ 86 m^sec”*) along 
with a heating pattern that was more representative of the observed pattern. 
The Prandtl number was set to 4, and the viscosity parameter In the quasl- 
geostrophic equation was set to zero. 

It was found by experiment that the base state had to be very energetic 
In order to achieve growth rates of 2.5 days for the Charney modes. For the 
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selected value of v * 8b m^sec"* the heating rates had to approach 10°K/day in 
the tropics and polar regions — of coures, lower heating rates would be 
sufficient if the viscosity coefficient were taken to be smaller. 

The axisymmetrlc flow that corresponds to the large heating rate is a 
very energetic one. The zonal wind has a maximum value of 70 m sec~I at 50°N 
and 10 km. The Hadley circulation contains a single cell centered at 30°N and 
10 km. The meridional velocities peak at 26 m sec~I in the upper levels and 
reach 13 m see'* in the return flow at lower levels. The maximum vertical 
velocity is 3 cm sec-I at the equator. 

Profiles of zonal wind and potential temperature from the model at 50°N 
are shown in Figure 12 and 13. For comparison, observed profiles for the 
winter period arc shown as dashed lines. The model solution is seen to be 
much stronger, with vertical wind shears being 3-4 times larger. The 
potential temperature profile is more stable than the observed one* The model 
profile deviates relatively little about the Isothermal state up to 8 km. The 
only region of low static stability is from 8-10 km, and the value of the 
stability in this region is about equal to that observed throughout most of 
the troposphere. 

From the results of quasi-geos trophic theory, it is known that the growth 

rates are dependent on both the static stability and the wind shears. The 

dominant term here Involves the square of the vertical wind shear divided by 

fo 2 H 2 

the static stability (~ — )• In the case of the observed profile 
the low static stability and smaller wind shear yield the calculated growth 
rate of - 3 days. For the model results, rather high static stabilities need 
correspondingly large vertical wind shears to give the same growth rates. 
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Figure 12. Zonal wind speed profiles. Solid line - for a calculated 
axlsynaetrlc base state at 50°N and a maximum heating rate 
of 10°K day" 1 . Dashed line ~ an observed, averaged 
profile at 40°N in the winter (December - February). 
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POTENTIAL TEMPERATURE (*K) 


Figure 13. Potential teaperature profiles. Solid line - for a 

calculated axlsyaaetric base state at 50°N and a aaxlmua 
heating rate of 10°K day~^. Dashed line - an observed, 
averaged profile at 40°N In the winter (December - 
February). 
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4. Discussion 


The results of this study showed the practicality of calculating steady, 
axl symmetric case states and of testing these states for stability to quasi- 
geostrophic disturbances by spectral methods. The base states were either one 
or two-celled in structure, not the three-celled structure of observed axi- 
symmetric flow. Similar base states were calculated by Miller and Gall (1983a) 
for a spherical annulus, although the numerical procedures and forcing 
characteristics were quite different. As suggested by them and found in this 
study, the upper lid appears to have a profound effect on the nature of the 
f lows • This lid seems to be responsible for the splitting of the single Hadley 
cell into two cells at sufficiently low viscosity and/or strong forcing. 

The nature of the heating may also play a critical role in determining 
the nature of the steady flows. In the annulus experiments (and models) the 
forcing is accomplished by maintaining the boundaries at specified 
temperatures. The fluid response is to establish narrow, boundary layer jets 
ijacent to the boundaries. The forcing used in this study was of a smoothly 
varying field over the interior of the fluid. There was little reason to 
expect narrow boundary layer jets to form, and this was basically the case. 

The possible exception was near the lid, where a relatively narrow layer of 
po 1 ‘•ward moving fluid could form if the system were heated strongly enough. 
There is additional evidence that the nature of the steady solutions differ 
rather fundamentally between internally forced and externally forced flows. 
Higgins (1984) has found from a low order spectral approach that externally 
forced flows have more regions of multiple solutions than do those that are 
internally forced. The complexity of the equations of this study, although 
numbering only 23, was more than sufficient to prevent the search for regions 
of multiple solutions. 
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The presence of the lid also appears to be the cause of the high static 
stabilities In the upper levels. This 19 achieved by trapping the warm, 
rising fluid under the lid. The result of this Is to form a profile that is 
statically stable at the top and bottom, but has low stability in the 
interior. In fact, as the heating was strengthened, it was found that this 
Interior layer became less and less stable, while the fluid at the top and 
bottom remained stable. 

The axisymmetric flow was tested for stability to quasi-geos trophic 
disturbances. The domain for the disturbances differs from that of the 
axisymmetric flow in that the disturbances are not contained by a true lid. 
This difficulty arises because of the problem of matching the boundary 
conditions between the axisymmetric flow and that of the quas l-geos trophic 
disturbances. The use of boundary conditions, chosen to be both similar and 
convenient, results in horizontal surfaces that are no-slip with respect to 
the horizontal velocity components, but permit vertical velocities. It is 
difficult to assess the effects of this condition on the growing disturbances. 
There should, for example, be some reflection of waves from the upper and 
lower surfaces, but it would take additional study to determine the relative 
size of the effects and their Importance on the incipient disturbances. 

Because this study was devoted to demonstrating a particular technique in 
support of the stability studies, there was no study of many interesting 
aspects of the stability calculations. Por example, no studies of the 
structure of the amplifying waves were done such as in Miller and Gall 
(1903b), nor was the stability curve of Figure 11 calculated for base states 
with different parameters other than the chosen set. More complicated heating 
patterns could have been used, along with somewhat wore generous truncation 
limits to the axisymmetric model. 
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The study re-affirmed the fact that the axisymmetric solutions are not 
quasi-geos trophic in nature. Further, the stability results will differ from 
other studies because the disturbances are growing at the expense of a Hadley 
cell that is statically more stable over most of its domain than the observed 
axisymetric flow. The observed flow is presumably the end result of the 
growing disturbances and presents a less stable environment for the local 
growth of later barocllnic disturbances. Thus the physical Interpretation of 
the present study differs from those based upon observed profiles for the base 


state 
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APPENDIX 


The spectral equations of the axlsymmetrlc model and the quasi- 
geostrophlc disturbances are given below. More detail as to their derivation 
may be found in Henderson (1982). First we consider the axisyimaetric model. 
The three partial differential equations (zonal momentum, meridional 
vorticity, and thermodynamic equations) become five spectral equations. This 
is because the even and odd modes of the meridional vorticity equation are 
most conveniently written separately, and the thermodynamic equation may be 
written as two equations governing the modes possessing vertical variation 
and the barotropic modes. The zonal momentum equation is 
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The two aerldlonal vorticlty equations are 
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Th* perturbation form of the quaa 1-geos trophic equations nay also be 
•pllb Into even and odd nodes. The equation governing the even nodes Is 
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There are several factors which arise from the integrations. These are 
given below in their Integral form; most can be expressed in a closed form 
which may be found in Henderson (1982). 
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1« Introduction 

Cloud streets in the atmosphere generally are believed to occur as a 
result of a combination of two dynamic and one thermodynamic mechanisms 
(Kelly, 1977; Brown, 1980). The first dynamic mechanism is an irrotational 
one by which secondary circulations may grow via extraction of energy from the 
component of the large-scale wind perpendicular to the roll axis; because this 
can occur only when an inflection point exists in the wind profile, this 
instability is called the inflection point instability (Brown, 1972; Etllng 
and Wippermann, 197S). The second dynamic mechanism is a combination of a 
rotational and a viscous one by which roll circulations may develop via 
extraction of energy from the component of the large-scale wind parallel to 
the roll axis, and so this instability is called the parallel instability 
(Lilly, 1966). Most investigators believe that this latter dynamic mechanism, 
which requires rotational and viscous terms of the same order of magnitude, is 
of secondary importance (Brown, 1980), although there are some who believe it 
may be significant (e.g. Etllng, 1971; GammelsrSd, 197S). The thermal 
mechanism is manifested by convective perturbations extracting energy from the 
basic state thermal structure, and this instability is labelled the 
Rayleigh-Benard instability (Asai, 1970; Kuettner, 1971). Latent heating 
effects can be incorporated into the thermal instability, resulting in a 
modified form for the governing dimensionless parameter, the Rayleigh number 
(Krishnamurtl, 1975; Mitchell and Agee, 1977; Shlrer and Dutton, 1979). In 
the absence of rotational effects, the wind shear perpendicular to the roll 
provides a stabilizing effect (Ogura and Yagihashl, 1969; Kuettner, 1971; 

Asai, 1972), and as a result of this, the convective rolls have alignments for 
which the Influence of the perpendicular shear is minimized (Shlrer, 1980). 
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Although three mechanisms for roll development have been identified, they 
do not lead necessarily to three independent roll solutions once the effects 
of wind and stratification are Included in a single analysis. Indeed, in a 
preliminary study of moist, three-dimensional shallow convection, Shlrer 
(1982) presented evidence that the parallel and Rayleigh-Benard Instabilities 
are actually special cases of a single Instability mechanism. But his model 
was not sufficiently general, primarily because It could not support nonlinear 
roll solutions for the case of pure parallel Instability, which is given 
physically by neutral stratification and mathematically by the vanishing of 
the modified Rayleigh number. In addition, the latent heating effects were 
not included correctly, and this led to Incorrect branching results. In this 
article, we present a larger three-dimensional truncated spectral model of 
shallow convection in order to eliminate the above deficiencies. We will find 
that the results on expected roll geometry that are given in Shirer (1982) 
are correct; but they are incomplete because more roll modes than he found are 
possible in a weakly stably stratified atmosphere. 

The present model is a generalized version of the one presented in Shlrer 
(1980), in which only two-dimensional convection was discussed. In that 
study, an arbitrary background height-dependent horizontal wind was included, 
although no rotational effects were, and so the ambient wind shear was not an 
energy source for the secondary flow. Latent heating was assumed to occur 
everywhere in the upward branch of the circulation, and so all upward motion 
was assumed to be moist adiabatic, all downward motion, dry adiabatic. In 
addition, eddy dissipation teras were included to represent energy loss to 
smaller scales. Several improvements have been made in the formulation of the 
model discussed here. Three-dimensional convective flow is assumed and 
rotational effects are included; moreover, a cloud base at a prescribed level 
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zi in the middle of Che domain Is possible. In which case only Che upward 
moving air above Che level zi is assumed Co be cooling moisC adiabaCically. 

As found In Che preliminary version (Shlrer, 1982), che form of Che 
nonlinear convecClve flow Is Cwo-dimenslonal when che Pourier coefficiencs of 
che wind shear profile are nonzero, so chat roll solutions develop first. The 
model can represent che parallel Instability mechanism, because branching 
solutions occur In the neutral limit of vanishing modified Rayleigh number 
when both the Coi lolls parameter and the Fourier coefficient of the 
roll-parallel shear component are nonzero. Apparently the inflection point 
Instability mechanism is filtered by che restriction to wave number 1 Pourier 
components of the background wind field; additional harmonics would be needed 
In order to capture the inflection point In the wind profile, and hence the 
instability mechanism. As In chi preliminary model, latent heating does not 
affect either the roll geometry or che existence of convective Instability, 
but serves primarily to reduce the necessary critical value of the 
environmental lapse rate. Physically, this reduction corresponds to that 
given by the slice method (Bjerknes, 1938), which Is a modified version of the 
conditional convective instability criterion for parcel motion; moreover, this 
reduction Is proportional to the cross-sectional area of the cloudy region in 
which latent heating is occurring. 

Of primary concern In this article Is a discussion of those results from 
the model that may be compared with observations such as those taken during 
the Fall 1981 convection and turbulence experiment KonTur (B rummer and Grant, 
1985). The simplest comparisons can be made between the modelled and observed 
alignments of the cloud bands, given here by the angle 8 between the roll axis 
and east, and the horizontal wavelength L of the bands, given by the aspect 
ratio A “ 2tf/L and by the domain, or circulation, height zy. Expected 
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values of these parameters are obtained from an analysis of the linear 
stability of the conductive solution from which the nonlinear flow develops. 

In many studies (e.g. Lilly, 1966; Brown, 1970, 1972; Asai and Nakasujl, 

1973), the linearized partial differential equations can be reduced either to 
a single high-order ordinary differential equation In the amplitude of one of 
the dependent variables, or to a system of ordinary differential equations In 
all of the amplitudes. The resulting system Is solved numerically, often by 
using finite differences to represent vertical derivatives, and then the 
expected values of 6 and L are those associated with perturbations having the 
fastest exponential growth rates. Thus, the temporal behavior in the vicinity 
of an unstable solution Is assumed to orovlde Information on the resulting 
stable nonlinear solution. A serious shortcoming of this approach, though, Is 
that it Is strictly valid only for slightly supercritical cases, but It Is 
often applied to a wide range of supercritical parameter values. When the 
numerical results are Interpreted, a standard assumption is that different 
ranges of 9 and L are characteristic of solutions originating from different 
physical Instability mechanisms; however, the possibility exists either that 
only one response might be allowed or that a wide variety of responses might 
be created by the combination of two or more Instability mechanisms. To aid 
in determining which possibility occurs, a more direct method of analysis than 
that outlined above Is needed. 

Such a method Is provided by an alternate approach to the problem that Is 
equivalent in many respects to the above point of view. In this second 
approach the critical value Rg of an external parameter such as the Rayleigh 
number Ra or the Reynolds number Re is determined; at the critical value, the 
trivial, or conductive, solution la neutrally stable and nonlinear convective 
solutions emanate, or bifurcate, from the trivial solution at this critical 


value (loose and Joseph, 1980 ). When the solution branches toward larger 
values of R, we find the following: For values of R<R C , perturbations damp, 

and for values of R>R C , perturbations grow toward the stable nonlinear 
convective solution. But the values of R c depend on the ragnltudes of such 
auxiliary parameters as 9 and L, and eo the preferred values of 8 and L are 
those that produce the minimum values of R c ; physically this corresponds to a 
release of the instability and a vertical transport of heat via a convective 
configuration that can most easily accomplish that task. Moreover, 
bifurcation theory ensures that each such minimum value of Rc Is associated 
with a nonlinear branching solution and hence a possible roll mode. When 
truncated spectral models are used rather than Infinite-dimensional partial 
differential equations, then the functional dependence of Rc on the other 
parameters of the problem can be determined via examination of either an 
explicit expression for Rc or from the real roots of an explicit polynomial 
governing R c . In addition, the amplitudes of the nonlinear roll solutions 
can be given explicitly, and they usually correspond to cloud bands having the 
same spacing L that was given by the minimization procedure (Shirer, 1980). 
Thus, a more thorough knowledge of the dependence of the expected roll 
geometry on such additional parameters as the Coriolis parameter f or the 
Prandtl number P can be obtained from such an analytical analysis than that 
possible from a purely numerical one. 

A major drawback of the low-order spectral approach is the severe 
truncation to a vary few horizontal and vertical wavenumbers. In the model 
presented here, only a portion of the background wind shear is considered in 
the dynamic forcing — that portion having the same vertical wavenumber as that 
of the convective cell. But this can be a serious disadvantage in some cases. 
For example, at least two vertical wavenumbers would be needed in order to 
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capture even some of the information concerning the existence or location of 
an inflection point in the wind profile. As a consequence, the nonH ar 
response to the Inflection point instability cannot be studied, although such 
a filter has the advantage of allowing a direct study of only the parallel 
modes. Thus the present analysis is only one step in a series of studies in 
which more information is added gradually until eventually the essential 
Information in tne large-scale forcing can be separated from the inessential. 

In the problem examined here, a crucial observation is that the critical 
parameter values of R*. are nonlinear functions of the other parameters. By 
interpreting physically the minimum value of R c to be the acceptable one, we 
must perform an extremum analysis on this nonlinear funcion. This type of 
analysis leads to consideration of a nonlinear polynomial in the auxiliary 
parameters, and as a consequence the linear problem becomes a nonlinear one. 
Surprisingly, because it is one involving such qualitative information as the 
number of real roots to the polynomial describing the minima of we are led 
naturally to ask the same type of topological questions concerning the form of 
the expected critical value of the bifurcation point chat were discussed in 
Shirer and Veils (1983) about the form of the branching nonlinear solution 
Itself. In the present analysis, if multiple solutions to the minimising 
polynomial are possible, then we muat ask whether all classes of transitions 
from one pteferred mode to another are able to occur. If some transitions are 
not allowed, then In some sense the medal is too restricted and seme crucial 
degrees of freedom are missing. With the technique developed In Shirer and 
Vella (1983), the necessary degrees of freedom could be added and the 
resulting parameters associated with crucial physical effects. Results of 
this type are not possible from numerical analysee of the governing linearised 



partial differential equations because explicit polynomials controlling the 
branching behavior are not determined. 

In the present model, we find that only one minimum value for R c exists 
when the atmosphere is stratified neutrally or unstably. For an Ekman profile 
in a neutral atmosphere, the preferred orientations 'nd aspect ratios depend 
strongly o. the Ekman depth, which we can consider explicitly here because we 
do not use it as a scaling parameter. For Ekman depth D ■ zq-/(2if), we find an 
orientation angle 0 ~ -18° with respect to the geostrophlc wind vector and a 
dimensionless wavelength L/D ~ 18. These values agree fairly well with those 
reported by Lilly (1966), Faller and Kaylor (1966), and others for the 
parallel mode. A depth of zx/(1.3*) produces 0 ~ 4° and L/D ~ 13 in excellent 
agreement with Faller and Kaylor (1967). Moreover, when D - z^/*, we find 
that 0 ~ 18° and L/D ~ 11, which are values normally attributed to the 
inflection point mode (Brown, 1972; Asai and Nakasuji, 1973). These 
dependencies on the Ekman depth do not seem to be addressed in the literature 
and indicate that the usual convention of using D as a scaling parameter might 
mask some Interesting behavior. In both of the above cases, the horizontal 
wavelengths L are of the order of 4.5 ka when the circulation depth z>j is 1 
km; ratios L/z«f of this magnitude are larger than those often cited for the 
inflection point and thermal modes (Brown, 1980), but have been observed to 
characterize some cloud streets by Walter (1980), Walter and Overland (1984), 
and Kelly (1982, 1984). 

The above results apply to parallel modes that extract energy from a 
cosine mode of the background wind profile, and the values of 0 and L seem 
to agree with previous ones when D/zf ~ 1/3 - 1/5. But Ekman depths for 
actual cloud streets can be in the range zj/2 -z*r (Bnimmer and Grant, 1985) for 
which the cosine parallel modes have unrealistic orientations. Here we 
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briefly consider the parallel modes originating from a sine mode of the 
background wind and we find that these roll circulations are ociented in the 
range - 20° when D ~ Zf/2 or larger. These calculations are intriguing and 
suggest that the cosine parallel modes characterize boundary layers having 
small Ekman depths, while the sine parallel modes characterize boundary layers 
having larger Ekman depths. Further work is needed to substantiate these 
conclusions. 

When the stratification is stable as many aa five local minima for R c 
exist and the branching rolls derive their energy from the shear in the mean 
wind. The resulting roll geometries divide into two types. The first type is 
characterized by aspect ratios that are much less than 1 (or L » 2zx), 
corresponding to rolls that are relatively widely spaced, and by orientation 
angles for which the Fourier coefficient of the roll-perpendicular shear is 
nearly zero; this roll derives significant energy from the roll-parallel wind 
shear. Sommerla and LeMone (1978) and Walter and Overland (1984) present 
evidence of such widely spaced rolls, which have width to height ratios of 
15-30. The second type involves aspect ratios of order 1 (or L ~ 2z T ), 
corresponding to rolls that are about half as deep as they are wide, and by 
orientation angles for which both Fourier coefficients of the shear are 
non-zero; this roll derives significant energy from both components of wind 
shear. Two orientations are possible for these second modes, and they are 
30*-50° on either side of the orientation for a roll developing in a neutrally 
stratified atmosphere. Of note is that when the Ekman depth D - z<j</(2ir), then 
these second modes would have orientations near +15 0 and dimensionless 
wavelengths L/D near 12. These are the orientations normally associated with 
inflection point Instability and so there is the possibility that these second 
modes are related to the Inflection point modes. Of course, for this 



hypothesis to be verified, w would need to examine a model containing enough 
additional wavenumbers to represent explicitly the inflection point modes 
themselves. An alternative possibility is that these modes are the ones found 
by Kaylor and Faller (1972) in a stable rotating Ekman layer. They associated 
these modes with propagating internal gravity waves; moreover, they found that 
these modes extracted energy from the background wind field via the same 
mechanism as that responsible for the parallel instability modes. 

Thus, we find that for a wide range of Reynolds numbers, or wind speeds at 
the top of the domain, the aspect ratios of both classes are within those 
typically reported when that particular class is associated with the global 
minimum value of R c (see LeMone, 1973, and Kelly, 1984 for recent summaries). 
Although the above variations in orientation angles are large, some 
Investigators have reported observed alignments in the range ^ 25° from the 
mean wind direction (Plank, 1966; Weston, 1980). With increasing wind speed at 
the top of the domain, different local minima become the global minimum, 
leading to discontinuous jumps in the preferred orientations and aspect ratios 
of the roils. This may be interpreted as a change of mode within the 
parallel/ thermal instability regime; more complicated behavior might be 
expected when enough degrees of freedom are included to allow modeling of the 
Inflection point instability. In addition, we find that rolls may develop for 
all ranges of lapse rates owing to the combined parallel/ thermal instability 
mechanism. But this is not a contradiction of the results of previous 
investigators (e.g. Brown, 1972; Wlppermann et al. , 1978) who showed that rolls 
could not develop in a sufficiently stable atmosphere. The values of both the 
Rayleigh number and the Reynolds number must exceed their respective critical 
values for rolls to develop, and this is equivalent to requiring that the value 
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of a Richardson number must not be too large* In this sense, then, rolls may 
exist only in either a weakly stable or an unstable thermal stratification. 

We conclude that the problem of expected .'oil geometry is a surprisingly 
complicated nonlinear one that must be studied carefully. Because analyses of 
truncated spectral models lead to specific polynomials controlling the 
critical values of the external parameters and their extrema, these models are 
the natural ones to use for identification of all possible observable modes. 
Moreover, with recently developed techniques from nonlinear mathematics 
(Shirer and Wells, 1983), we can Identify the crucial physical effects 
governing transitions from one class of modes to another. In this article, we 
present an analysis of a low-order model able to represent secondary 
circulations arising from a combination of the parallel and thermal 
instability mechanisms; we illustrate the results with an Ekman profile, and 
show how they depend on the Ekman depth. Application of the results to three 
cases from KonTur is presented in Shirer et al. (1985). 

2. Development of the model 

We study here three-dimensional moist shallow Boussinesq convection 
arising in a rotating fluid that is forced both thermally and dynamically. 


Consequently, we consider the secondary flow to 
on a hydrostatic, stratified, moving reference 

be a perturbation superimposed 
state given by 

V H (z) - U(z) i + V(z) j 


(2.1) 

V*) * T 00 — x 


(2.2) 

Po<*) “ Poo - Poo 8 z 


(2.3) 

P 0 (*) “ Poo 


(2.4) 
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la which the unit vectors are directed eastward and northward and T 00 , p OQ , 
P 0o , and the environmental lapse rate Y e are constants. The basic current 
V H (z) is of larger temporal and spatial scales than the convective flow and so 
is not constrained to be a solution to the Boussinesq equations. Moreover, 
we assume that the basic state is time-independent and so investigate only the 
means by which mean wind shear and thermal stratification affect the initial 
development of the convective motion. 

The domain is illustrated in Fig. 2.1 in which the cloudy areas are 
indicated by hatching. The domain Is 2*-periodic in the x- and y-directions, 
but is bounded in the vertical by the ground and the inversion height z«j; for 
simplicity we assume these to be free upper and lower boundaries on which the 
vertical motion and temperature perturbations vanish. The c’oudy areas are 
modeled by assuming that only the upward moving component of the flow above 
cloud base z^ is moist adiabatic, with all other parts of the flow being dry 
adiabatic. In this way, the effects of water and its phase changes are 
represented Implicitly. This is a refinement of the assumption used 
previously in Shirer and Dutton (1979) and Shlrer (1980), in which all upward 
motion was moist adiabatic. The present approximation corresponds to the 
slice method stability criterion Introduced by Bjerknes (1938). 

Upon writing the dependent variables as 


v(x,y,z,t) - V H (z) + y’(x,y,z,t) (2.5) 
T(x,y,s,t) - T 0 (z) ♦ T'(x,y,z,t) (2.6) 
p(x,y,z,t) - p 0 (z) + p'(x,y,z,t) (2.7) 
P(x,y,t,t) - P 0 (z) + P'(x,y,z,t) (2.8) 


1 ""AAiac 


* . - a *' % 






T 




regions of iiolst adiabatic flow* 
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we may write the shallow Bousslnesq system as 


_ + y'»7v' + V •?v' + w' -5 + 2n*v' + P ~Fp' 

3t 1 ' -H ' 3z * “ 00 

- g T'T -1 k - vV 2 y» - 0 
0 00 * * 


(2.9) 


•|T+ y'.fT' + V^T' + w'^-Y ) + w^(Y -Y,,)« - •eV 2 T' - 0 (2.10) 

®t “ — 


-H 


'd V +' m d y 


7»y» - 0 


( 2 . 11 ) 


In which x is the (constant) eddy thermometric conductivity, v is the 
(constant) eddy viscosity, Y e is the (constant) environmental lapse rate, Yd 
is the dry adiabatic lapse rate, Y a is the (constant) moist adiabatic laf-e 
rate, and 2 1* the angular velocity of the earth. For the latent heating 
term W 4 .’(Y m -Yd)^ , we define 

w if w > 0 

0 if w £ 0 

1 if ti ( 1 ( *t 

0 if 0 < z < z 

1 

in which si is cloud base. We note that because the horizontal and vertical 
velocity components are of the same order, we have Included both the 
horizontal and vertical components e • 2Qcos+ and f - 2ftain+ of the Coriolis 
force in (2.9), Also, we note that a solution to (2»9)-(2.11) is one for 
which all perturbations vanish, and this solution will be referred to as the 




( 2 . 12 ) 


(2.13) 





conductive, or trivial, one. Nonvanishing perturbations will correspond to 
the roll solution. 


2.1. Dimensionless forms 

For convenience we cast the system (2.9)-(2.11) in dimensionless form. 

The horizontal wavelengths of the periodic flow are L x and Ly respectively, 
and they provide the appropriate horizontal length scales. The inversion 
height z? is used to define the vertical scale, but this corresponds to only a 
half wavelength (Fig. 2.1). Consequently we define 


x - x* 1^/(2*) 


(2.14) 


y - y* Ly/(2x) 


(2.15) 


z • z* Zj/* 


(2.16) 


We did not use an Ekman depth D in (2.14)-(2.16) because we are developing a 
model having more applications than to only ar. Ekman profile. We show in 
Section 3.2.1 that variations in D can produce some large changes in the 
preferred orientations and wavelengths of the rolls. 

In order for the systems to ha-e as limits the two-dimensional cases L x -** 


and Ly ><a , we use the horizontal wavelength 
L H - (L x “ 2 + Ly " 2 )" 172 


(2.17) 


in the following definitions 


t • t* tj Lh/(2* 2 »0 


(2.18) 


U* ■ u* KW/zj 


v' - V* KW/i T 


(2.19) 


( 2 . 20 ) 
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w' • w* 2*«/Lg 

(2.21) 

(J - U* <n/zx 

(2.22) 

V - V* ks/zx 

(2.23) 

T* - T* vk T 00 » 3 /(g »r 3 ) 

(2.24) 

P* " P* Poo * 2l,2 /rT 2 

(2.25) 

We have chosen the length scales in (2.l9)-(2.23) merely 

for convenience. The 


dimensionless systems will have a stapler fora with the above choice than it 


would if u and v had been scried by Ljj and w by z<p. 

With the additional definitions of the aspect ratios 

a ■ 2 zt/L x (2.26) 

b - Uj/Ly (2.27) 

2 1/2 

A * 2 rj/Ln » a (1 + b ) (2.28) 

the Rayleigh number 

A • g z T 4 < Y « " T 00 » 4 ) (2.29) 

the latent heating parameter 

H • g *T 4 ( Y d - V/< V *W 4 > <2.30) 

the rotating Reynolds numbers, or dimsnslonless Coriolis terms, 

e* ■ e *x2/(vi2) (2.31) 


f* 


t *r 2 /< Vf2 ) 


(2.32) 



the Prandtl number 
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' » 


p - v/< 


(2.33) 


and the gradient and Laplacian operators 


V - i (1 + b 2 )" 1/2 — + j b (1 + b 2 )~ 1/2 - — + k — 

3x* ‘ 3y* “ iz* 


(2.34) 


2 2 2 

o2 2 3 4. 2 K 2 3 4. 3 

V ■ a r + a b r + r 

3** 2 3y* 2 3r* 2 


(2.35) 


we may rewrite (2.9)-(2.11) in the dimensionleas forms 


^ + y**^u* + V^u* + „**£ - f *Pa" 1 v* + e*Pw* 
3t* ' H 3a* 


(2.36) 


+ (lvb 2 )" 1/2 - PA -1 V 2 u * - 0 

3x* 


i » 


+ v*-7 v * + V*-V v * + w* ^ + f*PA~V 
3 t * ‘ ~ H 3a* 

+ b(l+b 2 )" 1/2 ^SL. - PA _1 V 2 v * - 0 

3y* 

+ v**V* + V**?w* - «*PA -2 u* ♦ A -2 
3t “ * H 3a* 


(2.37) 


-2 * - 1-2 * 

- PA T - PA V w - 0 


(2.38) 


— ♦ y*'VT* + V*‘VT* - Rw* - Hw*« - A _1 V 2 T* - 0 
3t “ 


(2.39) 


- * 

7.y • 0 


(2.40) 


i * 
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That (2.36)-(2.40) is a suitable generalization of a two-dimensional system 
can be verified easily by noting that b+0, or Ltt+L x , produces a system with no 
variation in the y*-direction, and b + ", or Lfl+Ly produces one with no 
variations in the x*-directlon. 

2.2. Speciral model 

The smallest spectral model of rotating convection was studied by Veronls 
(1966), and it is the appropriate one on which to base the present model; in 
the lrrotatlonal case, the Veronls model reduces to the one discussed by 
Lorenz (1963). In the Veronls system, one wavenumber is used for representing 
the vertical velocity field, two for the horizontal velocity field, and two 
for the thermal perturbation. Here we use the same distribution of harmonics 
as in the Veronls model, but because we are studying three-dimensional flows 
in the presence of an arbitrary horizontal basic current Vg(z), we must use 
all four possible combinations of the trigonometric functions in order to 
represent all possible phase relationships created by the linear terms in 
(2.36)-(2.40). 

Consequently, an appropriate form for the spectral expansion is 

q* * [q^ 8in(x* - y*) + q^ cos(x* - v*) + q^ sin(x* ♦ y*) 

+ q^ cos(x* + y*) ] cos(z*) + q^ sin(2(x* - y*)] (2.41) 

+ cos I2(x* - y*)] + q ? sln(2(x* + y*)1 
♦ q g eos[2(x* + y*)] 

w* • [w^ cos(x* - y*) + sln(x* - y*) ♦ w ^ cos(x* ♦ y *) 


+ sin(x* ♦ y*) ] sin(z*) 


(2.42) 
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T* * [t cos(x* - y*) + T 2 sin(x* - y*) + Tj cos(x* + y*) 

+ sln(x* + y*)] 8in(z*) + sin(2z*) (2.43) 

In which q* represents the form for the u*, v*, and p* expansions. These 
expansions provide representations of every linear term in (2.36)-(2.40), 
except for the horizontal component e* of the rotating Reynolds number. 

Either more wavenumbers in the vertical or a mixture of sinz* and cosz* 
terms would be needed in the expansions in order for e* terms to remain in the 
spectral system; we consider the latter case briefly in Section 3.3. We note 
that the filtering of the e* effects by the above truncation does not seem to 
cause serious problems in view of the results of Etling (1971), who notes that 
the orientation angles of the rolls are controlled by the vertical component 
f* of the Coriolis force. 

2.2.1 The roll form . The 33-coeffldent spectral model obtained by 

substitution of (2.41)-(2.43) into (2.36)-(2.40) can be reduced to s 

- * 

17-component one by using the spectral version of v*v ■ 0 first to produce 
diagnostic equations relating the pressure coefficients p^ to the other 
coefficients u^, vj, w if and Tj, and second to express the v^ components as 
functions of u^, wj, and T^. This is the standard approach for three- 
dimensional incompressible systems (e.g. Dutton, 1976) and accomplishes the 
same task as that of the formation of vortlclty equations in two-dimensional 
systems. Upon inspection of the resulting 17-component model, 
we find that the complete spectral 
system is composed of two 9-component subsystems: 

*1 - («1» u 2» u 5» %* «1» «2* T l. *2, T 5* 

*2 * °4» u 7 • U8. *3. *4. * 3 , * 4 , T 5 ) 

If all the components of one subsystem are zero initially, than they always 
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will remain so; as in earlier models (Shirer and Dutton, 1979; Shirer, 1980), 
this behavior is typical of the primary convective solution that branches from 
che conductive, or trivial, one at the critical modified Rayleigh number. 
Nonlinear solutions in which all 17 components are nonzero would be secondary 
branch' i in this model, but we do not consider them here. Because the equations 
contain Pourier coefficients of the background wind field, the and R 2 
subsystems cannot be reduced further. Upon Inspection of tne expansions 
(2.4l)-(2.43) for the dependent variables, we nee that is associated 
physically with two-dimensional rolls having axes parallel to the line x* * y*, 
while R 2 is associated with rolls having axes parallel to the line x* * -y*. 
Thus, Ri and R 2 represent roll solutions that ar~ perpendicular to one another 
in the dimensionless coordinate system, are actually separated by the angle 

6 » 2 tan“"l(l/b) " 2 tan~^(Ly/L x ) (2.44) 

We conclude then that a fundamental role of the basic wind field is to 
organize the convective solution into bands, a result consistent with the 
typical observation that rolls develop during windy, statically unstable 
conditions (Kuettner, 1971). The same type of organization also will occur 
during windy, stable conditions, however, when the secondary circulations can 
derive energy from the mean wind. 

In order to determine the expected roll geometry, we assume thrt the 
preferred orientation angles and aspect ratios are those that yield the smallest 
values for the critical modified Rayleigh number or equivalently the 

amallest values for the critical Reynolds number Ra c . For some values of the 
external parameters, we will find in Section 3 that two or more orientation 
angles may produce minimum values for 9^! these angles rarely differ by as much 
as 90*, and when they do, the values of R*. * r , „o t identical. Without loss of 


v f'w. **.' 


Ui 


generality, then, we may assume that one branch, say Ri, will be associated with 
the roll that develops first at the absolute minimum val le of R Tnc , In order to 
simplify greatly the analysis, we rotate the (x*,y*) coordinate system in the 

A A A A 

horizontal plane to (x,y), in which the x and y axes are respectively parallel 
to and perpendicular to the roll axis (Fig# 2*2). The orientation angle 6 is 
then the angle between east an^ the roll axis, with angles north of east being 
positive and those south of east being negative# 

The appropriate rotations for the eight u± and v^ components in the 
(x ,y ) systems to the and components In the (x,y) eystem ere 


u 1 - (bu t + v 1 )(l+b 2 ) 1 ^ 2 


i - 1,..,8 


(2.45) 


■ (-u^+bv^Xl+b 2 ) *^ 2 


i ■ 1, . . ,8 


(2.46) 


If we denote temporal derivatives by en overdot. then the resulting spectral 


^ +W 2 U 6 ” (P(A 2 +1)/A)Uj- A2u ? +(f*P/A)w 1 -? 1 w 2 (2.47) 


u 2 " " w 2 u 5 + Vl ~ lP(A 2 +l)/Aju 2 - f 1 w 1 - (f*P/A)w 2 (2.48) 


7 Vl + 2 **2 W 2 ’ 4PA “5 " ( VV U 6 


(2.49) 


- \ i L w 2 ♦ \ i 2 w x ♦ (A 2 #A 4 )J 5 - 4AP G 6 


(2.50) 
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Figure 2.2 Relationship between the natural coordinate system (x*, y*) and 

the roll coordinate system (x, y). The orientation angle between 
east and the roll axis in denoted by 0; orientations north of east 
are given by positive values of G, south of east by negative 
values of 0. 
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w x * -{f*P/(A(A 2 +l) 1 ’u ] - [P(A 2 +1 )/A]w 1 

(2.51) 

+ {[2A 2 +(a 2 -i)a 4 ]/(a 2 +i)}w 2 + ip/(a 2 +DJt 1 

w 2 - {f*P/[A(A 2 +l)j}n 2 - {[2A 2 +(A 2 -l)A 4 ]/(A 2 +l)} Wl 

(2.52) 

- [p(a 2 +i)/a]w 2 + [p/(a 2 +i)]t 2 

Ti - + (R + Hn^ - [(A 2 +1)/AJT 1 + A 4 T 2 (2.53) 

T 2 - w 2 T 5 + (R + Hn]> 2 - A^i - [(A 2 +1)/A]T 2 (2.54) 

T 5 - -|(w 1 T 1 + w 2 T 2 + w 3 T 3 + w 4 T 4 ) - (4/A)T 5 (2.55) 

1 f 2*r 2 2 2 2 

+ 27 Hn 3 f 0 K + w 2 + w 3 + w 4 
+ 2(WjW 3 - w 2 » 4 )co8(2x*) 

* il/2 * 

+ 2(w^w^ + W 2 W 3^ fl i n (2x )] dx 


• W 3 V 7 + W 4 V 8 + F 1 V 3 + S l v 4 + F 2 W 3 + S 2 W 4 * B 1 T 3 


(2.56) 


** W j V 8 " V? - S l v 3 + F 1 V 4 + S 2 W 3 • P 2 W 4 + B 1 T 4 


(2.57) 


▼7 

1 






- 



. ¥ J * f < 
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’7 • TVl + r4"4 * V“3 2 ’ u 4 2) • ***7 + Vs 


(2.58) 


’8 ■ TVs - fs“4 - 2B 2“3”4 • V? * 4A S 


(2.59) 


*3 “ ~ F 3 V 3 ~ F 4 W 3 * S 4 W 4 + ®3 T 3 


(2.60) 


*4 “ P 3 V 4 + S 4 W 3 ‘ F 4 W 4 + B 3 T 4 


(2.61) 


T 3 * W 3 T 5 + (R + ^1^3 ” B 4 T 3 ’ S 5 T 4 


(2.62) 


f 4 “ w 4 T 5 + (R + "“l^A + S 5 T 3 “ B 4 T 4 


(2.63) 


in which Che definitions for B*, Pi, and Si are given in Appendix A* 


2.2.2. Controlling parameters . Fro® Inspection of the above spectral 
system, ve see that the appropriate vertical aspect ratio governing the 
stability will be A » a(l + b 2 ) 1 / 2 in (2.2S) which is given by the domain height 
zj divided by half the horizontal wavelength Lh of the roll. For convenience, 
in the remainder of the article we will drop the subscript H when referring to 
the wavelength L of the roll. Also, we have used the following Fourier 
coefficients A^ for the basic wind field and for the basic wind shear: 


A - 2*” 1 / U*(z*) cos 2 a* da* 

1 0 


(2.64) 


A - 2* -1 / V*(a*) coa 2 a* da* 

1 0 


(2.65) 
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A 


3 



/ 


0 


U*(z*) sin 2 z* dz* 


( 2 . 66 ) 


A, 

4 


2 n” 1 J V*(z*) sin 2 z* dz* 
n 


( 2 . 67 ) 


—1 ^ ~ 
» / sin(2z*) dz* ■ A - A 

0 3z* 


ir * _ 

* * / — sin(2z*) dz* * A - A, 

0 3z* 4 


( 2 . 68 ) 


(2.69) 


In which U* and V* denote the components of the background wind In the along- 
roll and the cross-roll directions, respectively (Fig. 2.2). 

The Fourier coefficients for the latent heating terms are 


n : - (1 - * 1 */*)/2 + (4*) _1 sin(2z l *) 


(2.70) 


n^ ■ - 4(3» 2 ) * sin^z.^* (2.71) 

.n which zi* is the dimensionless cloud base height. We note that the Fourier 
coefficients (2.64)-(2.69) represent the portion of the ambient wind field felt 
directly by the roll, and as we show in Section 3, provide energy to the roll 
solutions via the parallel instability. 

Latent heating effects enter the system (2.47)-(2.63) in two qualitatively 
different ways. First, they lead to definition of a modified Rayleigh number 

R m " R + Hn l (2.72) 


S 





v-SSW 
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for which Rg > 0 occurs when the environmental lapse rate exceeds a 
weighted average of the dry and moist adiabatic lapse rates; this inequality 
may be wrl tten as 

Y e > (1 - "i) Y d + n d Y m (2.73) 

Because nj can be interpreted as the cross-sectional area of the cloudy 
region, (2.73) is equivalent to the slice method instability criterion of 
Bjerknes (1938). The modification (2.72) of the Rayleigh number is the only 
manner by which the latent heating effects will enter the characteristic 
equation and the stability determination in Section 3. 

However, when cloud base is between the bottom and the top of the domain, 
a second latent heating terra 03 is produced in the equation (2.53) for the 
coefficient T5 of (2.43) that represents the convective alteration of the 
vertical temperature profile. The term 03 was not in the models of Shlrer and 
Dutton (1979) or Shirer (1980) because they assumed that the cloud base z^* 
was at the bottom of the domain; from (2.71), we see that n3 ■ 0 in their case 
of zj* ■ 0. In (2.55) we correct an error in Shirer (1982) who did not 
calculate this latent heating term correctly and who consequently produced a 
qualitatively incorrect branching diagram in his Pig. 3. 

The need for 03 in (2.55) arises from the assumption that latent heating 
occurs only in regions of upward motion in the upper portions of the domain. 
Consequently, the convective solution alters the background temperature profile 
differently ebove and below cloud base zj* and n3 represents some of this 
effect. From ( 2 . 71 ) we see that this asymmetric heating is most pronounced and 
n3 reaches its largest value when zi* - */2 corresponding to a cloud base in the 
middle of the domain; as approaches either 0 or *, the asymmetry in heating 
vanishes and so does 03. As noted above, this affects only the nonlinear 



convective solution through the magnitude of T 5 and does not alter the critical 
value of Rqj. 

The coefficient of the n 3 term in (2.55) is an elliptic integral 
involving the Fourier coefficients of the vertical velocity and so its value 
depends on the magnitude of the solution itself; moreover, it provides an 
energy source in the equation for the only term that links the magnitudes of 
the Ri and R 2 rolls. The possibility exists that a secondary branch connect- 
ing the two roll solutions is present and significantly affected by the 
magritude of the n 3 term. However, the details of this secondary branch would 
be modified greatly in all likelihood in a spectral model containing more 
degrees of freedom. Also, the occurrence of an elliptic integral makes 
analytic study of these branching solutions quite difficult. Thus, we do not 
investigate the secondary branching properties of (2.47)-(2.63). Fortunately, 
however, the elliptic Integral can be calculated for the two-dimensional R^ 
and R 2 branches; in these cases, (2.55) simplifies either to 

Tj - - - ^w 2 T 2 “ (^/ a ) T 5 + ^3 (wj 2 + (2.74) 

or to 

•1 1 221/2 

t 5 - " - -±w a T 4 - (4/A)T 5 + Hn 3 (w 3 + ' (2.75) 

The forms (2. 74)— (2. 75) eliminate the transcrltlcal bifurcatit 1 shown in Fig. 

3 of Shlrer (1982) and thereby lead to qualitatively correct Hopf bifur- 
cations (see looss and Joseph, 1980). In addition, the corrected system 
contains temporally periodic roll solutions that are sinusoidal functions of 
time and whose amplitudes can be calculated analytically, as found by Shirer 
(1980) in the case of zj* » 0. 
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From inspection of (2.47 )— (2.63) and (A.l)-(A.l3) we see that the roll 
does not depend on the horizontal aspect ratio b, and so this roll does not 
feel the presence of the R 2 roll at all. When b“l and the two rolls are 
perpendicular to one another, we find that the equations governing the R 2 roll 
have the same form as those for the Ri roll. But when b*l, the R 2 roll 
depends strongly on b, and therefore via (2.44) on the angle 3 separating the 
two. Because there is no nonlinear coupling of the two roll forms, there is 
no way in this model to determine a preferred value of b or 3. A larger model 
would be needed containing a secondary solution linking the two rolls (cf. 
Chang and Shirer, 1984), and minimizing with respect to b the corresponding 
secondary bifurcation point on the R} branch would likely lead to the expected 
separation angle 3. Thus, in the remainder of the article, we consider only 
the development of the R^ roll. 


2.2.3. Energetics . In order to elucidate the energy sources for the R^ 
roll, we form an energy equation from (2.47 )— (2. 54 ) and (2.74). Upon defining 
the energy E as 


_ 1“21“2“2~2 1.2. w 2 2. 
E “I U 1 + 2 U 2 +U 5 +U 6 + 2 ^ +1)(W 1 + W 2 ) 


+ 


1 

2 



^ l»vr * 
2 PT 2 


+ PT 


2 

5 


(2.76) 


we find that 

* 22 1/2 

E - (R + Hn 1 + l)P(w 1 T 1 + w^) ♦ 2Hn 3 P(w 1 + w 2 ) A Tj 

- \ (u L w 2 + u^) 

- [P(A 2 ♦ 1)/A] {uj 2 * u 2 2 ♦ (A 2 ♦ l)( Wl 2 + w 2 2 ) + T x 2 + T 2 2 ] 
-8 PA(Uj 2 + G 6 2 ) - (8P/A)Tj 2 


(2.77) 
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The first two terms on the right side of (2.77) are heat flux terms, the 
first of which representing the source for the convective Instability. The 
third term is the usual Reynolds stress term (Dutton, 1976); because It 
depends on the shear component parallel to the roll, it represents the 
source of the parallel instability. Not revealed by the energy equation is 
the need for the Coriolis term f* in order for this instability to exist, but 
the linear analysis in Section 3 will demonstrate that f* is indeed necessary. 

We note that the perpendicular shear component ?2 does not appear in (2.77); 
thus, becaue this component is the energy source for the inflection point 
modes, we should not expect to find them as solutions to the model. The last 
terms are the dissipation terms; instability and roll development occur when 
the energy source terms are larger in magnitude than the dissipation terms. 

If there were no eddy viscous or conductivity effects Included, then there 
would be no dissipation and therefore no energetically steady solutions 
possible, only amplifying or decaying ones. Although the appropriateness of 
using eddy viscosities in atmospheric models is in dispute, they are necessary 
here in order to create an energetically consistent system. 

3. Expected roll geometry 

The simplest results for observable roll characteristics are those given by 
a linear analysis of the stability of the trivial solution to (2.47)-(2.63). 

This analysis will provide both the preferred alignment and the expected ratio 
of the height to the width of the rolls, and these parameters are natural ones 
to be compared with observations such as those from KonTur (Shirer et_ al. , 

1985). In this section, we will find that a variety of roll configurations are 
possible, particularly when the thermal stratification is stable. 
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The (linear) stability of the conductive solution to (2.47 )-(2.63) is 
governed by a seventeenth-degree polynomial that factors into a linear 
equation and two eighth-degree polynomials. The coefficients of one 
eighth-degree polynomial depend only on the Fourier coefficients (2.64)-(2.69) 
of the rotated wind field and so from this polynomial we may determine the 
value of the critical modified Rayleigh number R^ (or critical Reynolds 
number Re c — see (3.5) below) for the roll. The second eighth-degree 

polynomial governs the values of R mc for the R 2 roll; as mentioned in the 
previous section, these values will be greater than those for the roll, and 
so are not considered in the analysis. 

Each eighth-degree polynomial factors further into a product of quadratic 
and sixth-degree polynomials. Neutral (linear) stability, bifurcation and 
nonlinear roll solutions are signalled by the vanishing of the real part of 
one of the roots of the characteristic equation, and it is easy to show that 
this cannot happen for the roots of the quadratic. Consequently, the 
sixth-degree polynomial governs the development of the rolls, and this 
polynomial can be factored as follows 

{(A 2 + 1) (AX) 3 - (a. + ib.) (AX) 2 - (c R + c, + id) (AX) 

11 0 m 1 

- [e R + e. + i(f R + f,)]> * ((A 2 + 1) (AX) 3 (3.1) 

o m i o m i 

- - ib^ (AX) 2 - (c o R a + c^ - id) (AX) 

- l« R + e. - Kf R + f,)]} • 0 

o m l o m l 

In which th« coefficients are given in Appendix B* Hopf bifurcation to a 
teaporally periodic nonlinear solution, which has limiting frequency Im(X), is 
given by Re(AX) ■ 0, or by AX ■ ± la. When this fora is substituted into 
(3*1), we obtain the coupled system in the critical Rayleigh number R ac an< j a . 
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a. a 2 + da - (e R + e. ) - 0 (3.2) 

1 o me i 

(A 2 + l)a 3 - b.a 2 + <c R + c. )a + f R + f - 0 (3.3) 

1 o me 1 o me l 

Only real values for <* are admissible solutions to (3.2)-(3.3). The common 
roots of (3.2 )— ( 3.3) can be found by dividing the quadratic (3.2) into the 
cubic (3.3) and then requiring that the remainder vanishes. This leads to a 
cubic equation in 

*3 R mc 3 + *2 R mc 2 + *1 R mc + l o “ 0 (3.4) 

the coefficients of which are given in Appendix B. It is easy to show that 
real roots of (3.4) occur if and only if real roots of (3.2)-(3.3) occur and 
so all real roots of (3.4) are acceptable. 

Significantly, the coefficients ij do not depend on the wind coefficients 
“ ^4» but on the shear coefficients and r 2 ; so the stability of the 
conductive solution, and hence the value of Rac> can be altered only when 
secondary circulations develop in the presence of mean wind shear. This 
result is consistent with that obtained by Kuettner (1971) and Shlrer (1980). 
The magnitudes of and r 2 vary as the roll alignment varies, and so the 
magnitude of R^ depends on the orientation angle 8. Finding the minimum 
values Rg of Rq C will yield expected orientation angles by producing preferred 
values for and r 2 . As we will see below, the fact that R^. is governed by 
a cubic equation that may have either 1 or 3 real roots complicates the 
analysis considerably. 

m m 

We can separate the orientation angle from and r 2 by noting that we 
may normalise the wind profile by the wind apeed |v(if ) | at the inversion 
height st and define a Reynolds number Re by 


f|. rtumr 


- ^ ■ 
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Re - | V(z T ) I *T/ V - |V*(*)|*/P (3.5) 

With the fact that both the wind shear coefficients and ?2 are giv^n by 
differences between two coefficients for the wind coaponents themselves (cf. 
(2.60)— (2. 69) ) , we nay express and ?2 as 

f - Re P (a. cos(0) + a, sin (6)] (3.6) 

lb b 

- Re P cos(6) - a 5 sin (6)] (3.7) 


in which 

ir 

a. - - 2[|Y*(ir)|« 2 ]- 1 / U*(z*) cos (2**) dr* 

3 0 

■ - 2[»|Y(* T )|z T r 1 / T U(z) cos(2»z/* T ) dz 

a, - - 2[ |y*(*)| w 2 ]” 1 /* V*(z*) cos(2z*) dz* 

0 

Z T 

• - 2[»|Y(z_)| St J“ 1 / V(t) cos(2»z/z T ) dz 
1 1 0 


(3.8) 


(3.9) 


and U and V are the background wind coaponents In the natural east/north 
coordinate systea. Here 8 Is the angle between east and the roll axis, with 
positive values for angles north of east. Thus, we see froa (3.6)— (3* 7 ) that 
?1 and ?2 are equivalent to Re and 0; In addition, we have separated the wind 
shear coaponents Into easily aeasurable quantities a; and ag that depend 
exclusively on the aablent wind profile and tha dlaanalonless parameters Re 
and P that depend on tha less accessible values of eddy viscosity v *nd con- 
ductivity With KonTur data In Shlrer at al. (1983), we detaralne aj and a^ 



from aircraft observations of Y(z) and z? and then we ask whether reasonable 
values of v and * will produce consistent values for 9, A 2 , R g ■ min(R mc ), and 
min (Re c ). 

With (3.6)-(3.7) we find that (3.4) may be written in the form 


R mc 3 + ( R 1 + k 2 Re c 2 ) R^. 2 + (k 3 + k^Re,, 2 + k 5 Re c ^) Roc 
+ (k$ + k7Re c 2 + kgRe c ^ + k9Re c ^) • 0 


(3.10) 


We note that If we should ’lew Re c 2 as the critical parameter, then (3.10) is 
a cubic polynomial in Re c 2 . In the analysis presented in Section 3.2, we will 
view the problem as simultaneously one in Roc and Re c 2 and admit only those 
modes corresponding to minima with respect to both critical values. The 
results then will not depend on the prejudices of the investigator. Also, we 
note that for very large values of Re c 2 , (3.10) becomes a cubic equation in 
the (moist) critical Richardson number (Asai and Nakasujl, 1973) 

Ri c - - R«c (R« c 2 R)' 1 (3.11) 

Requiring that Rq and Re both exceed their respective critical values then is 
equivalent to requiring that R1 < Ri c . 

3.1 Special cases 

There are three cases in which the cubic equation (3.4) for Ro C or Re c 2 
can be factored easily. As a prelude to the general situation presented below 
in Section 3.2, we briefly discuss these cases here. 

3.1.1 f* » 0 . The lrrotetlonal case was considered previously in the two- 
dimensional model of Shlrer (1980). Here the roots of the cubic (3.4) are given by 



J 
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R - (A 2 + 1) 3 /A 2 + 4? 2 ((A 2 + 1)(P + l) 2 ]" 1 

BC 1 

and 

R - 2(P + 1) (A 2 ♦ 1) 3 /A 2 - (A 2 - l)f 2 /P 
me 2 

* i 2(A 2 + 1) f 2 {A 4 (P - 1) + 3P + 11 (AP) 


(3.12) 


(3.13) 


The first root is the sane as that found in Shirer (1980) and shows that the 
effect of the perpendicular shear is to suppress convection; the minimum value 
Rg of Rg^ is given by the vanishing of otder that the roll does not feel 

directly the perpendicular shear. Proa (3.7) we see that ^ ■ 0 is given by 
the value 8 Q of 0 for which 

tan(0 o ) - a$/as (3.14) 

This angle is the sane as 02 1° Shirer (1980). In addition, the preferred value 
A 2 • 1/2 for the squared aspect ratio la the aaae as that found in Raylelgh-Benard 
convection. 

The second root is coaplex, except in the singular case P * (A* - 1)/(A* -*-3). 
This can occur only when A 2 > 1 an;. P < 1. When P and A? are related 
in this way, we obtain froa (3.13) a value for that is reduced by the 

aagnltude of the perpendicular shear coaponent ^ This is a signature of tho 
Inflection point Instability, by which rolls would be able to extract energy froa 
the shear coaponent T 2 . But because of the singular nature of this second 
solution, we cannot conclude that inflection point aodes exist in the aodel. 
However, we can conclude that aodes in which A 2 > 1 and ?2 *• nonzero night be 
possible in the rotational case, and in Section 3.2, we will demonstrate that 
Indeed they do exist. 
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3.1.2 “ 0 and F * 1. Because the expected orientation angle is given 

by ^2 * 0 when f* - 0 f it is natural to investigate the rotational solutions 
in this case* The cubic (3*4) yields only one root tor and it is given by 

2 3 * 2-1 * 2-2 2 1-1 

R - [ (A ♦ 1) J + f ] A - f r/ [4(A* + 17 ) A (3.15) 

me i 

When f* ~ 0.1, Shlrer (1982) showed that (3.15) giv.g a good approximation to 
R mc when ?2 * 0; values of f* ~ 1 can occur commonly, however. 

The first term in (3.15) is the usual critical Rayleigh number for convention 
in a rotating fluid (Chandrasekhar, 1961; Veronis, 1966), and the second repre- 
sents a destabilizing term arising in the presence of rotation from the wind shear 
component parallel to the roll axis. This is a manifestation of the parallel 
instability mechanism of Lilly (1966), which would be given here by the case 
R ac " 0. We note “ha. f* is essential to the existence of this mechanism, in 
agreement with Lilly (1966) who found that the parallel modes disappeared in the 
lrrotatlonal (Orr-Sommerfeld) case. Inspection of (2.47)-(2.48) reveals that the 
Coriolis and viscous terms are of the same order of magnitude when f*~l and this 
also agrees with an observation Lilly (1966) made concerning a necessary condition 
for the existence of this mode* The form of (3.15) suggests that in “he present 
model, there is one instability mechanism having as special cases the two 
mechanisms of thermal and parallel instability. Apparently, then, it might not be 
correct to view them as separate mechanisms leading to convective solutions having 
different characteristic geometries (Etllng, 1971; Asal and Nakasujl, 1973). The 
model discussed here effectively links the two mechanisms, although we will find 
in Section 3.2 that three branching nonlinear solutions are possible in some cases 
and chat for some values of Re, ene root yields the minimum value Rg of R^, 
while for different values of Re, the other two roots produce R t . 
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3.1.3 R inc * 0. Parallel instability is usually discussed in the absence 
of thermal effects, which corresponds here to a (moist) neutral stratifica- 
tion. The constant term l 0 in (3.4) can be factored, but when Rfl, c ■ 0 only one 
root exists for which Re c 2 is both real and positive. This root is given by 


(<A 2 + l) 3 + f* 2 J A" 2 - f* 2 r x 2 (4P 2 (A 2 + l) 3 ]" 1 


+ (A 2 - l) 2 ? 2 2 [4P 2 (A 2 + l)]" 1 - 0 


(3.16) 


When we use (3.6)-(3.7) to express (3.16) in terms ot Re c 2 and 6, we find that 
the minimum value of Re c 2 occurs when tan(9) ■ a^/aj. This is ,ue same 
orientation angle that we found in (3.14) for the general irrotational case; of 
Interest here is that 6 0 gives the maximum value for the along-roll shear 
component r^, a fact consistent with the occurrence of parallel modes. For 
this orientation angle & 0 , the critical value Re c 2 of Re 2 is given by 


Re 2 - 4(A 2 + l) 3 t(A ? + l) 3 + f* 2 J [A 2 f* 2 (a, 2 + a, 2 )]" 1 (3.17) 

C 3 0 

which is Independent of the Prandtl number P. For the expected aspect ratio 
A, we find from 3Re c 2 /dA 2 * 0 that A 2 and f* must be related by 

(A 2 + l) 3 (5A 2 - 1) + f* 2 (2A 2 - 1) - 0 (3.18) 

showing that 1/5 < A 2 < 1/2, which corresponds to brooder cells than provided 
by Raylelgh-Benard Instability. When f ~ 0.1 and Re c ^ is large in magnitude, 
we have A 2 ~ 0.201; but when f* " 1.0, «e hav# A 2 0.2S. For a domain height 
of 1 km, wm find that A 2 ^ 0.2 corresponds to roll wavelengths L ~ 4500 m, 
while A 2 ~ 0.25 corresponds to L '* 4000 m. Observational evidence for such 
large ratios of L/«x have been given recently by Walter (1980) and Kelly (1984). 
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We will find that the minimum value of R^c can be given in the general case by 
R mc - 0 , and in this case Re c ^, 0 , A^, and f* satisfy (3.14), (3.17), and 
(3.18). We note that the truncated model presented here, unlike the one 
discussed in Shirer (j.982), has a nontrivial nonlinear solution when R^ * 0 ; 
this occurs because, unlike in the Lorenz (1963) form on which the Shirer 
(1982) model was based, the rotating convection truncation of Veronis (1966) 
produces nonlinear terms in the equations of motion (2.47)— (2.50). 

3.2 The general case 

We have found in the previous subsection that the single branching mode 
occurring when f* - 0 or R^ * 0 has an orientation given by m 0 or 
tan( 0 ) * 35 / 35 ; for this mode we discovered that the preferred value of A* 
decreased from 1/2 as the value of Re c ^ was lrcreased. Thus, as discussed in 
Shirer (1982), we might expect in the general case to find preferred 
orientations near ® 0 ■ tan _ 1 (a 5 /a 5 ) and squared aspect ratios satisfying 
A^ << 1. But Rqc is governed by a cubic polynomial and so two other real 
roots having correspondingly different geometries might be poislble. As 
hln «d by the complex roots in the lrrotational case (Section 3.1.1), we will 
find here that other modes near A^ ~ 1.0 are indeed possible when the value of 
Re c 2 is large enough. 

In order to develop a coherent picture of the expected branching behavior, 
we first determine for fixed Re c the minimum values of Ra, c with respect to the 
orientation angle 0 and for fixed Rq C the minimum values of Re c ^: both 

are given by (3.10). As mentioned previously, this is consistent with the view 
that the value of Ri must be smaller than an appropriate one Ai c . Upon 
lmpxicitly differentiating (3.10) with respect to 0 and using the fact that 
both JRnc / 00 " 0 and 3Re c ^/3 0 ■ 0 at a minimum, we obtain 
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k 10 R mc 2 + ' k ll + k 12 Re c 2 > R mc + k 13 + k l4 Re c 2 + k 15 R *c 4 * 0 (3.19) 

We may combine (3.10) and (3.19) via polynomial division to produce a single 
polynomial in Re c ^ governing the extrema of R^. (or of Re c ): 

r$Re c 12 + r5Re c *0 + r 4 Re c ® + r3 Re c^ + r 2 Ke c ^ + r l R ®c 2 + t 0 * 0 (3.20) 

Once Re c ^ is obtained from (3.20), we obtain Rq C from (3.19). The above 
analysis introduces spurious roots into (3.20), which can be identified from the 
division calculation. Moreover, the roots of (3.20) provide both maxima and 
minima of R„ c and Re c ^, but these can be Identified from the signs of 32(1^/302 
and 32Re c 2/302, Only extrema that are minima of both Rmc and Re c are accepted, 
and so the problem yields the same results whether we view the critical 
parameter to be R a or to be Re. 

As an example, we use the Ekman profile 

U*(z*) - |V g *|[l - exp(-z*/D*) cos(z*/D*)] (3.21) 

V*(z*) - |V g *| exp(-z*/D*) sin(z*/D*) (3.22) 

Here D* * D * / zj is a dimensionless Ekman depth, which in some cases will be 
related to f* via D* ■ (2/f*)l/2; but because we have not constrained U* and V* 
to solve the governing system (2.36)-(2.40), we will not always link D* and 
f*. Here an orientation angle of 0 s corresponds to a roll aligned parallel to 
the (westerly) geostrophlc wind. We note that in Shlrer et al. (1985), we show 
for the KonTur cases that the preferred wavelengths of the roils are not 
particularly sensitive to the form of the wind profile, although the 
orientation angles are. 
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3 .2.1 Parallel modes . In Table 1 we show how the Fourier coefficients as 
and a& vary as functions of Ekcsan depth D when the domain heighc is 1 km and the 
latitude is 45 °N; for convenience we have assumed that |V(zx)| ■ |Vg| in 
(3.8)-(3.9). We also give the preferred orienta:ion angles 0 Q , dimensionless 
wavelengths L/D and critical Reynolds numbers Re (3.17) and 

Re « |V |D/v . (3.23) 

D -g 

We consider both the cases in which f* is tied to D* via f* a 2/D*^ (denoted by 
T) and the case in which f* is untied to D* (denoted by U); when f* is untied 
we instead link it to Re c so that |Vg| ■ 10 m/sec. In all cases f* and are 
related by (3.18), and we may calculate corresponding values of |Vgj and v. 

An Inspection of Table 1 reveals that, whether f* is tied to D* or not, 
the orientation angles and dimensionless wavelengths depend strongly on D. 

From depictions of roll circulations obtained in previous studies (e.g. Faller 
and Kaylor, 1966) we find that the roll circulations are in the range 50-60; 
moreover, they are oriented at '15* to -20* when they have dimensionless 
wavelengths of 20-24 but they are oriented at 2*-6 # when they have wavelengths 
of 13-17 (Lilly, 1966; Faller and Kaylor, 1966, 1967). For the tied case 
usually considered in the literature, the a! • reported values agree with 
those in Table 1: when D ■ 159 m we find that * - 18° and L/D ■ 18 and when 
D • 245 m we have 0-4° and L/D ■ 13. The values of Rep are smaller 
than those normally cited (e.g. Lilly, 1966). But we have used free rather 
than rigid boundary conditions in formulating the model, and Faller and Kaylor 
(1967) noted that the critical Reynolds number is smaller in the free case. 

Thus, we conclude that we are representing correctly the parallel instability 
mode. But we discover from Table 1 that for small values of 0, only in the 
untied case do the values of v and |Vg| correspond to atmospheric ones, and 
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Preferred geometries for pure parallel modes at latitude 45 *N (U-untled, T-tied). 
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so, although the wavelengths are larger In this case, we generally prefer to 
view f* and D* as Independent parameters. 

As the value of D increases, rhe orientation changes markedly to one 
having positive values, the dimensionless wavelength decreases and the 
magnitude of Re increases dramatically. Remarkably, when D* * 1, which is the 
value used in Shlrer (1980, 1982), the values of 0 and L/D agree with those 
usually cited for the Inflection point modes. It is difficult to discern 
from previous studies whether the height of the circulation shrinks in half 
from 6D to 3D as the orientation switches from - 20° to 20°, and so ic is 
unclear whether the above calculations might provide an explanation for these 
other reported modes. In any case, because the results are sensitive to the 
value of D, it appears to be unwise to use the Ekman depth D to scale the 
variables in the equations. 

3.2.2. Parallel/thermal modes . For the case D* ■ 1, in Fig. 3.1 we show for 
4 values of the magnitudes of Re c as functions of 9 for which simultaneous 
extrema in Roc and Ra c ^ occur. In this example, we have chosen xj » 1000 m, 

P » 1, and v ■ 14 m^ sec'*, which yield f* ■ 0.5 * 2/D*^. These values for 
v and P are consistent with those typically cited (e.g. Krlshnamurtl, 1973). 

On the right side of Fig. 3.1 we show the dimensional values of |Vg| 
corresponding to those on the left side for Re c . In the figure, local minimum 
values of both Rqc and Re c ^ are denoted by the solid lines, and local maximum 
values of both by dashed lines; the angle 0 o » tan~l(a$/a 5 ) and the values Re 0 
of Re c yielding Rqq • 0 are also denoted. 

From Fig. 3.1 we obtain a picture t^markably similar to that often 
obtained in an entirely different context (Shlrer and Wells, 1983). Diagrams 
having forms similar to those in Fig. 3.1 can be produced by cross-sections 
through surfaces whose altitudes represent the magnitudes of nonlinear 




~v 




2000 

"•c 

1500 


500 
R* 0 — * 


-90 -6 


1500 



The ugnltude of Re c for which both R«c end Re c 2 ere mi nine (solid 
lines) or aexiae (deshed lines) with respect to 0. Here the aeen 
wind is given by en Ekmen profile (3.21)-(3.22), *x " 10°° », D - 
318 a, P - 1, v - 14 a2sec-l, f* - 0.5 end A 2 - 0.1 (e), 0.5 (b), 
1.0 (c) end 1.5 (d). 






265 


solutions to truncated spectral models* Here, however, we obtain a cross- 
section through a surface describing the relationship between two auxiliary 
parameters that is required to produce extreme values for the bifurcation point 
R mc or Re c 2 from which nonlinear solutions branch* Both types of surfaces are 
governed by polynomials and so it is not really surprising that qualitatively 
similar diagrams would be obtained in the two analyses. 

From Fig. 3*lc we note that the mode having orientation angles near 
0 * 9 0 Is a minimum when Re c < 490 and <_ 0. But when two other minima 
appear, this mode becomes a maximum. Here, then, the vanishing of 3 2 R mc /d0 2 
signalling a coalescence of a maximum and a minimum is analogous to the 
vanishing of a characteristic eigenvalue signalling a coalescence of two 
steady states (looss and Joseph, 1980). Interestingly, the transition from 
one extremum to three extrema occurs. at values of Re c corresponding to 
Rmc ^ or to stable stratification. However, the three modes never meet; 
the closest the double point gets to the neutral case R^ - 0 is Rq C * -0,0698 
when 9 ■ 13.45° and A 2 * 1.04. As hinted by the irrotational special case 
(Section 3*1.1), the two new modes are born near A 2 m 1, at values of Rgg near 
R mc * 0, and at orientation angles for which * 0. 

As the values of A 2 are Increased or decreased from A 2 * 1, however, the 
nose point moves gradually away from the other mode (Fig. 3.1b, d). As noted 
above, the form of these figures is that given by cross-sections through a 
cusp surface, with the one in Fig. 3.1c most nearly resembling the trident ob- 
tained by a cross-sect ion through the cusp point. But typical cross-sections 
through cusp surfaces would show the Isolated pairs of solutions switching 
places from the left to the right side of the other curve as the value of a 
second crucial parameter is varied. This switch does not occur in this 
example when P « 1, but it almost does near A 2 - 1 and * 0. Thus, the 
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fact chat Che neutral case produces only one acceptable root appears to signal 
that the present model might be missing a qualitatively crucial parameter. 

This parameter might be related to the Fourier coefficients of the wind 
profile having larger wavenumbers than the roll itself; these parameters would 
be necessary, for example, in order to describe enough characteristics of the 
wind profile that the inflection point instability mechanism could become 
active. Currently, we are Investigating this possibility. 

From the results presented here, we expect that as the wind speed 
increases, an orientation near that given by 9 ■ 9 Q would be observed if the 
stratification were unstable, but that a rapid variation In orientation angle 
from 9 * 9 0 to one far from 9 * 9 Q would occur as the necessary stratification 
given by the values of R^, changes from unstable to stable. Large deviations 
9 from 9 0 would be expected when che values of Re c are large and the 
stratification is stable. We note that when the expected orientation angle 
problem is viewed as a problem In the branching behavior of a governing 
polynomial, then the existence of a range of Re c for which 9 varies rapidly 
can be predicted In advance if multiple solutions are possible because this 
behavior is typical of cross-sections through canonical surfaces like cusp 
surfaces. What is Important physically is that the rapid variation In 9 
occurs near R^ * 0 for which the boundary layer stratification Is neutral, 
and so the alignment angle would be very sensitive to the sign of the value of 

*mc* 

When the requirement for minimum values of ^IlC and Re c ^ with respect to 
is added to the one discussed above, then the curves shown in Fig. 3.1 
disconnect. Five curves for the local minima R, of R^ (and Re c ^) occur when 
P • 1 and f* “ 0.5, as shown In Fig. 3.2 together with some selected 
corresponding values of t?. The solid curves denote the lines for which Rg is 



a global minimum and so would provide the expected values of the parameters 
and consequently the observed geometry of the rolls. Although the global 
minimum occurs on the outer right curve when Re c 750, we note that the 
values for R s associated with the outer left curve are very nearly the same as 

those for the outer right one and hence might provide global minima in a 

slightly more general model. We note that the left curve will produce a 
global minimum when the magnitude of P is of the order of 0.1. 

Although we see that five local minima are possible in this case, we find 
that they divide into two classes. When the stratification necessary for roll 
development is unstable, which here is given by Re c “ 230 or very light winds, 
one mode exists near 0 • 9 0 . The aspect ratio for this mode decreases to 

A 2 ~ 0.2 or L ~ 4.5 km when R^ » 0 and decreases further to extremely small 

values of A 2 ~ 0.002 or L ~ 45 km when Re c ~ 2400. Thus, the first class is 
characterized by rolls having very small aspect ratios or very large 
horizontal wavelengths. Two other modes, one near 0 - 0 8 and the other near 
0 ■ 30° are also in this first class, but they come into existence near 
Re c " 400. The squared aspect ratios for these modes are larger than the ones 
for the middle mode, but the values of A 2 still decrease markedly as the value 
of Re c is increased. The last two modes are in the second class, and they are 
born near Re c * 600; these modes exist at very large angles (30 8 -50°) relative 
to 0 O , and they have squared aspect ratios A 2 ~ 1 that increase, or wavelengths 
L ~ 2 km that decrease, as the value of Re c Increases. Rolls in the second 
class, then, are characterized by aspect ratios of order one or horizontal 
wavelengths within a factor of 2 of the depth of the boundary layer. 
Importantly, these wavelengths are within the range often observed. 

Upon considering the global minima for R^. and Re c 2 , from Fig. 3.2, we 
see that both the expected orientation angle 6 and the squared aspect ratio A 2 
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make two discontinuous jumps as the magnitude of the Reynolds number Re c is 
increased from zero. First the value of A^ decreases from 0.5 to 0.09 as the 
value of 0 increases from 0® to 24°; but then at Re c " 450, there is a sudden 
Increase in the magnitude of A^ from 0.09 to 0.18 and of 9 from 24° to 31®. 

The first Jump is between two rolls in the first class. At Re c * 750, though, 
there is a more significant jump in the expected value of A^ from A^ - 0.08 to 
A^ - 1.11 and in the expected value of 9 from 9 - 29® to 9 » 52®. This second 
discontinuous change is between class one and class two rolls and corresponds 
to a dramatic alteration in the preferred geometry of the cloud band. As the 
magnitude of Re c is increased further, we find that the values of A^ Increase 
gradually from 1.11 and that the angles 9 inr-case slowly from 52® to as much 
as 70®. 

To clarify further the content of Fig. 3.2, we show in Fig. 3.3 seven 
constant-Re c cross-sections on which projections of the minimum values of ' 
with respect to A^ are given as functions of 9 in order to illustrate their 
relative magnitudes and the means by which the discontinuous jumps in the 
preferred values occurs. The values of A^ for each local minimum R s of R mc 
are given as well. The lines on Fig. 3.2 trace the variation in the location 
of the valleys shown in Fig. 3.3. 

For the case Re c - 200 (Fig. 3.3a), we obtain the usual parabolic shape 
for Rac, in which only one minimum occurs at 9 » 12* at. A^ - 0.29. However, 

we note that the bottom of t t parabola is flattened a bit, and from Fig. 3.3b 

we find that at Re c ■ 300 a dimple has developed at 9 » 25* and * 0.19. A 

saddle point '.a apparent in Fig. 3.3b near the previous value of 6 - 12*. The 

occurrence of this dimple is a manifestation of the rapid variation in the 
value of 9 near R -c ■ 0 that was created by the introduction of two 
additional modes (Fig. 3.1). When Re c " 400 (Fig* 3.3c), we observe that two 
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local minima have joined the original one, and that the new minima have A^ 
values that are approximately double the one for the global minimum, -'.t Re c * 
500 (Pig. 3.3d), we discover that the original inner mode Is no longer the 
global minimum because the one ac 6 ■ 30* has overtaken it. We note that 
saddle points are beginning to appear near 8 * -5 s and 8 * 45°. As can be 
seen from Fig. 3.3e when Re c a 600, the saddle point for 8 < 0 has developed 
into a local minimum at 9 » - 10 ° and has a characteristic value of A^ ~ 1 . 

The mode near 9 » 30 s is still the global minimum, however. At Re c * 700 
(Fig. 3.3f), the right outer mode now exists and has expected values of A^ and 
R 8 that are very nearly equal to those for the outer left mode. Finally, when 
Re c » 800 (Fig. 3.3g), the outer modes have the two smallest values for 83 and 
A* ~ 1.15 for both of them. With subsequent increases in the magnitudes of 
Re c , the two outer modes have increasingly smaller values of Rg, and no other 
local minima were found. The values of Rg for the outer modes are always 
within a few percent of one another, even though the right mode is the global 
min. >uin; thus, it seems plausible that either outer mode would be 
observable. As mentioned above, this depends on the value of P, with the 
r.'ght mode occurring for P > 0.4 and the left mode for P < 0.4. 

A misleading aspect of the manner in which the above results have been 
depicted is the conclusion that rolls can develop in any stably stratified 
atmosphere. But for any given stratif ‘.cation, given by Rg| C , the wind speed 
at Cf must exceed a certain value given by Re c . This amounts to requiring 
that the value of a Richardson number Ri (3.11) be sufficiently small or 
negative. This conclusion agrees with that if others (e.g. Brown, 1972; 
Wlppermann et al. , 1978) who showed that rolls can exist only in stable 
atmospheres having small characteristic values of Ri. To see this in the 
present context, in Fig. 3.4 we show as functions of R^. and Re c the curves 
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The critical values of Re c and R ac for the five local minima given 
In Fig* 3*2 The Inner mode near 18* la denoted by a solid lino* 
the mode near 30* by a dotted line* the mode near 60* by a long 
dashed line* the mode near 0* by a dash/dotted line and the mode 
near -30* by • short dashed line* Rolls may develop In regions 
In the Re-Ra plane to the right and above the critical lines. 


* t*. 









for the five local minima discussed 5ove. Roll modes are possible only when 


both the values of Rflj and Re exceed their critical ones, that is when R^, and 


Re have values that are above and to the light of the curves. The leftmost 


curve Is the one associated with the expected mode and the transitions between 


the three moder are clearly seen as portions of three of the curves are the 


leftmost e. Of note is that for large values of Re, the outer modes denoted 


by the long and short dashes in Fig. 3.4 occur for larger values of Ri than do 


the other inner modes. The occurrence of a second class of modes at larger 


values of Ri in a rotating Ekman layer was noted by Kay lor and Faller (1972), 


who associated these second modes with internal gravity waves* 


The pattern depicted in Fig. 3.2 is very robust: its form does not vary 


much with f* or P. As the value of f* is increased, the value of Re 0 (3.17) 


is decreased and the outer modes can *.xist for smaller values of Re. The 


outer modes always occur in the range of 30®-50° from the orientation angle 9 0 


that depends only on the Fourier coefficients 35 and ag of the background wind 


shear. These outer modes then are well approximated by the orientations given 


by ■ f2 or » - T 2 , the formulas for which are given respectively by 


9^ ■ tan 1 [(a & - a^)/(a^ + a.^)] 


(3.24) 


9^ » ta.. [(a 6 a 5 )/(a 5 - a fi )] 


(3.25) 


Although «. solid physical explanation for these outer modes remains 


elusive, the fact that the Fourier coefficients for the along-roll and the 


ciess-roll wind shear coefficients are nearly equal suggests that the 


modes ais related to some combination of the parallel and inflection point 


modes that derive energy from the and components, respectively. 
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Although the Inflection point instability is not represented here in the 
neutral case, its singular presence was indicated in Sec. 3.1.1 when f* ■ 0. If 
we hypothesize that the outer modes given by A^ ~ 1 would extend to the neutral 
case given by Re 0 , then we could see whether their existence is suggested by 
previous studies. Because the location of all the orientation curves are tied 
to 9 q via 85 and a^, we may infer from Table 1 that when D* » 1/2 and 0 Q * 

- 18°, which correspond most closely with the previously reported situations, 
then the right outer mode would first occur 30°-40 !> to the right of 0 O , or in 
the range 12°-22°. Moreover, A^ ~ 1 corresponds to L/D ~ 12 in this case, and 
because the inner mode is the global minimum when Re ■ Re 0 , the outer mode 
would exist for larger values of Re. These values of 0, L/D, and Re are in 
the range reported for the inflection point instability. Thus, there is the 
possiblity that the outer modes are extensions of these inflection point 
modes, but a larger model containing more degrees of freedom would be needed 
to test this hypothesis. 

3.3 Alternate parallel modes 

The discussion presented so far has concerned rolls developing from a 
cosine mode of the background wind profile (cf (3.8)-(3.9)). However, a 
Fourier analysis of the Ekman profile (3.21)-(3.22) reveals that there is 
significant energy in the sine models as well. In addition, Shirer (1980) 
noted that three orientation angles corresponding to three roll responses to 
the cosine and sine modes might be possible (see his equations (3.l6)-(3. 18) 
for the angles <*i,« 2 ,« 3 ), and Kelly (1984) notes that all three angles 
correspond well with the alignment observed during a case of cloud streets. 
Moreover, theoretical studies of rolls developing in a stratified shearing 
atmosphere (e.g^ Faller and Kaylor, 1969) reveal that the rolls tilt 
significantly with height, suggesting that both sin(z) and cos(z) modes might 
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be Important in modeling the nonlinear response with a perturbation stream 
function ♦. Although use of cos(z) modes in the expansion for ♦ is not 
compatible with direct ipplication to the atmospheric boundary layer, their 
use will allow a preliminary investigation of the roll modes developing from a 
sine mode of the background wind. More suitable vertical eigenfunctions are 
given by Chandrasekhar (1961). Because the analysis is much more 
algebraically difficult in this case, we present here only a brief summary of 
the results for these alternate parallel instability modes. 

To create the alternate model we mat replace the vertical elgenfuctions 
of the even-numbered terms of <2 . 41)— (2 .43 ) with ones that are 90* out of 
phase. For example, for the roll, (2.42) becomes 


w* * w^cos(x*-y*)sin(z*) + W 2 Sia(x*-y*)coc(z*) 


(3.26) 


For the parallel modes given by Rj * 0, this new expansion leads to a spectral 
system in which e* (2.31) remains and for which the branching behavior depends 
on the four Fourier coefficients (cf. (3.8)-(3.9)) 


• 2[w 2 |v(z t )|]“ 1 (U(z t ) - U(0)] 


(3.27) 


b, - 2l* 2 |y(z T )|f 1 [V(z ) - V(0)] 


. , Z T 

b 3 - - 2[»|Y(z T )|z T J \f U(t)sin(2*a/* T ) dz 


(3.28) 

(3.29) 


—1 #*T 

b 4 - - 2 [»|Y(* t )|* t J J V(*)sin(2*r/* T ) dz 


(3.30) 


The polynomial governing a Hopf bifurcation to a periodic roll solution 
la either a quartic or a sixth-degree polynomial In Re c , depending on whether 


e* and f* are tied or untied to the Ekman depth D* (see Sec. 3.2,1.). The 
present case simplifies to that for the cosine modes only when e* * 0, bi * 0, 
and b 2 m 0, for which Re c , f* ana j are given by (3.14), (3.17), and (3.18) 
once the coefficients a 5 and a^ have Hen replaced by b 3 and b 4 respectively. 

We also note that 03 in Shirer (1980) corresponds to can& ■ l ( b 2 “ 2 b 4 ) / ( b^— 2 b 3 ) ] 
but this is not the preferred orientation in the rotational case discussed here 
For the Ekman profile (3.23 )— (3.22), in Table 2 we show the results 
associated with these alternate par .lei modes when e* » 0 and in Table 3 
those when e* » f*. As in Table 1, when e* and f* are ln4ependent of D*, we 
tie chem to Re c so that |Vg| ■ 1C m/sec. From Tables 2 and 3, and in agree- 
ment with Etling (1971), we see that e * only has a small effect on the 
preferred orientation angles or the dimensionless wavelengths, although it 
does alter somewhat the critical value of Re. Orientation angles that are in 
the range * 20° occur when the Ekman depth D > 440 m in the untied case and 
D _> t ’3 m in che tied one; this is in constrast to the results In Table 1 for 
the cosine modes, in which we found orientation angles in the range ± 20 s only 
when D < 440 m. These results suggest that for very small Ekman depths, the 
cosine modes might be appropriate ones, while for larger depths, the sine 
modes might be relevant ones. In Shirer £t al. (1983) we present evidence 
that the sine parallel modes provide better predictions than do the cosine 
parallel modes for the orientations and wavelengths of the cloud streets 
observed during KonTur, for which the Ekman depth divided by the circulation 
depth was in the range 0. 5-1.0. We caution that the above results for the 
sine modes are preliminary because they depend on use of marginally 
appropriate vertical basis functions in the spectral expansions. 



Preferred geometries fo^ alternate parallel modes at latitude 45°N when e »0 (U-untied, T-tied) 
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4. Concluding remarks 

In this article, we have presented significant physical and theoretical 
results on boundary layer rolls from a study of a truncated spectral model of 
shallow Boussinesq convection. Physically, we have shown that the hypothe- 
sized developmental mechanisms of the parallel and thermal install are, 
in fact, special cases of one instability mechanism, because in many cases 
boundary layer stratification and mean wind shear combine to allow one 
secondary flow to develop. Theoretically, we have demonstrated that the 
apparently linear problem of finding preferred orientation angles and aspect 
ratios for the branching solutions is actually an intricate nonlinear one 
that can be understood completely with ..he aid of the recently emerging 
perspective of (contact) catastrophe theory. 

The necessity of performing a nonlinear analysis arises from the 
assumption that the preferred geometry of the rolls is given by the values of 
the spatial parameters that minimize the values of the bifurcation points that 
can be determined from a linear stability analysis of the conductive solution. 
In this problem, expressions for the critical values are nonlinear functions 
of the orientation angle and aspect ratio. As a consequence, study of the 
function controlling these critical values leads to a polynomial relating the 
auxiliary parameters and to questions concerning whether unique or multiple 
admissible solutions, and therefore roll modes, exist. Thus, the province of 
contact catastrophe theory has been entered (Shirer and Wells, 1983), and a 
new set of topological questions can be poeed concerning the necessary 
generality of the model under study. 

Although we find that the present spectral model might not be able to 
describe all possible Interchanges smong preferred modes, we do obtain several 
significant results. In Addition to linking the parallel and thermal 
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instability mechanisms, we discovered that the external wind field organizes 
the secondary circulation into two-dimensional rolls by introducing certain 
linear terms into the spectral model. When the thermal stratification is 
either unstable or neutral, only one minimum value for the critical Rayleigh 
number or the critical Reynolds number exists and hence only one roll mode is 
preferred; this mode has horizontal wavelengths that broaden significantly 
with increasing values of the Reynolds number Re, which is proportional to the 
wind speed at the top of the domain. Once the stratification becomes stable, 
there is an upper limit to the spacing of the cloud streets because other 
minima become possible. When the value of Re is sufficiently large, the 
preferred roll spacing becomes dlscontinuously much smaller, to one within a 
factor of 2 of the boundary layer depth. Generally, the orientation angles of 
the broadly separated rolls are near. those for which the Fourier coefficient 
of the wind shear parallel to the roll is much larger than that of the 
component perpendicular to the roll; but for the narrowly separated rolls, 
both shear components are large and nearly equal In magnitude. Although 
several orientation angles and aspect ratios are associated with local minima 
in the value of the critical Rayleigh number, the particular one that provides 
the global minimum depends on the magnitude or the Prandtl number P. 

The results presented here are applied in Shirer e£ al. (1985) to three 
cloud street cases observed during the 1981 convection ard turbulence 
experiment KonTur. Qualitatively, they are the same as those discussed here 
for an Hitman wind profile* 
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Appendi - A 

Coefficients In Spectral Model (2.47 )-(2.63) 

The definitions of the coefficients are 


B X - (b 2 -l)P/[(b 2 +l)(A 2 +l)] (A.l) 

B 2 - (b 2 -l)/[2(b 2 +l)] (A. 2) 

B 3 - P/(A 2 + 1) (A. 3) 

B 4 - ( 2 + 1)/A (A. 4) 

The Fx coefficients Involve f* and they are given by 

F x - f*P(b 2 -l)/[2bA(A 2 +l)] - P(A 2 + 1)/A (A. 5) 

F 2 - f*P[(b 2 -l) 2 + 4b 2 (A 2 +l)]/{2b(b 2 +l/A(A 2 +l)J (A. 6) 

F 3 - f*P(b 2 +l)/[2Ab(A‘ : +l)] (A. 7 ) 

F 4 - f*P(b 2 -l)/[2bA(A 2 +l)J + P(A 2 +1)/A (A.g) 

The Sx coefficients Involve the Fourier zt \ ^ am'. ?x of the wind 

and wind shear; these are defined In (2.64)-(2.6v j t . -■ j are 
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5 4 - (4bA 1 ♦ 2(b 2 -1)A 2 + (A 2 - l)2bA 3 

+ (A 2 - l)(b 2 -l)A 4 ]/[(b 2 ♦ 1)(A 2 ♦ 1)1 

5 5 - [2bA 3 ♦ (b 2 - l)A 4 l/(b 2 + 1) 


'*) 


(A. 12) 


(A. 13) 
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r >pendix B 

Coefficients in polynomial for the critical modified Rayleigh number R mc 
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The coefficients in the factored characteristic equation (3,1) are 


m 

a x - -(A 2 + I)’ (2P + 1) 

(e.i) 


b - A[(A 2 + 3)A 2 + 2A 2 A 4 ) 

(B.2) 

m 

c - . A 2 
0 

(B.3) 


Cl - P (P +2) (a 2 +1) 3 + A 2 [2A 2 2 + vA 7 -1)A 4 2 + 2U 2 

♦ DA 2 a 4 1 


*2 2 
- £ F 

(B.4) 


<1 - A(A 2 + 1) {(A 2 + 3) <P + 1)A + [A 2 - l + p(3A ? 

♦ i)JA 4 > 


+ Af*f ^ P 

(B.5) 


2 2 2 

e - P A* '.A* ♦ 1) 
0 

(B.6) 

s 

e x - -P 2 (A 2 + l) 4 ♦ A 2 (A 2 ♦ 1) (2A 2 2 ♦ (A 2 -l)^ 2 P 


• 

+A 2 A 4 [A 2 - 1 ♦ (A 2 ♦ 3)P] ) - f* 2 P 2 (A 2 ♦ 1) 

(B.7) 


- • » 2 
♦A. r £ P a 

A 1 



£. - -A 4 P A 3 

(B.8) 
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f l“ ~ k W t zX 2 + uZ " X) V + \ f * 2 p2 A 


+ A P (A 2 + i) 2 (A 2 (A 2 + 3) + A 4 [P(A 2 + 1) + A 2 - lj) (B.9) 


+ t*r l A P (A 2 + 1) 


The coefficients in the cubic polynomial (3.4) governing R^c are 


4 o “ a l 'i + d g l h l " h l e l 


(B. 10) 


*i " 2 g Q g i ®i + d g o h i + d g i h o ■ ■ 2h o \ e i 


(B. 11) 


A_ ■ a, g 2 + d g h - h 2 e.. ~ 2h h. e 
2 l*o oo o • 1 ole 


(B. 12) 


t. - - h e 
3 o o 


(B. 13) 


in which 


g ■ a, b. e + d e (A 2 + 1) - fa 2 
•olio o o 1 


(B. 14) 


2 2 

g, • b i a L e t + d (A + 1) - fj a t 


(B. 15) 


h ■ c a. 2 ♦ e a. (A 2 ♦ 1) 
o o 1 o 1 


(B. 16) 


h^ • Cj^ a^ 2 h a^ (A 2 ♦ 1) ♦ d b^ a^ + d 2 (A 2 + 1) 


(B.17) 
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l. Introduction 

The purpose of this article Is to coapare the geometries and 
dimensionless parameter values that were characteristic of cloud streets 
observed during the 1981 convection and turbulence experiment KonTur with 
those values obtained from a model of parallel/theraal instability modes 
discussed by Shlrer (1985). Previous comparisons of this type have been 
difficult because most models have been developed for study of an Ekaan layer 
(e.g., Lilly, 1966; Faller and Kaylor, 1966; Brown, 1970; Aaal and Nakasujl, 
1973), whose wind profile only crudely approximates that found in the 
atmospheric boundary layer. An advantage of the model of Shlrer (1985) is 
that it uses the Fourier coefficients of an arbitrary mean wind profile to 
estimate the preferred geometries of the cloud bands, and so iirect 
comparisons between theory and observations are much easier. 

That this approach might be a successful one was demonstrated recently by 
Kelly (1984) who compared observations of the alignment of some wintertime 
cloud streets over Lake Michigan with the orientations produced by a model of 
Rayleigh instability of Shlrer (1980), and Kelly found good agreement between 
theory and observation. But his results might have been fortuitous because he 
had to use radiosonde data to calculate the Fourier coefficients of the wind 
profile, and generally these observations are too widely spaced (~ 300 a) for 
a sufficiently accurate computation of the Fourier coefficients. A more 
rigorous test of the approech can be obtained from the wind profiles measured 
by aircraft during KonTur; because this set has much greater vertical 
reaolutlon (~ 10 a), this data set is batter aulted for an accurate 
computetlon of the necessary Fourier coefficients. 

In the following section we briefly review the KonTur experiment and 
describe the relevant observations. In Section 3 wo summarise the model of 
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Shirer (1985) and pay particular attention to those parameters that are 
amenable to comparison with observations. Finally In Section 4 we show which 
of the roll modes found by Shirer (1985) appear to describe the observed cloud 
streets. 

2. Observations 

The KonTur experiment was conducted abov^ the German Bight of the North 
Sea during September and October, 1981. The goal of the experiment was to 
collect a data set of basic state and secondary flow variables characterizing 
several different classes of convection, ranging In scale from boundary layer 
rolls to open cells. On three days, 18, 20 and 26 September 1981, cloud 
streets were observed and the data subsequently analyzed In detail; a complete 
summary of these results Is given in Brummer and Grant (1985). On both 18 and 
and 26 September, the rolls were observed ahead of an approaching warm front, 
and on 20 September behind a weak cold front. 

Two instrumented airplanes, a German FALCON 20 and a British HERCULES 
C-130 were operated together during the experiment. At the beginning and the 
end of each flight mission, the aircraft measured the vertical profiles of the 
wind, temperature and water vapor mixing ratio down to 100 a above the ocean. 
In these profile runs, the horizontal wind components were measured to 
accuracies of + 1 a/s and the temperatures to + 0.05 K. These measurements 
fora the data base for the present study, and the specific profiles are given 
in Brummer and Grant (1985). During the mein part of a flight mission, 
the aircraft flew coordinated "L "-shaped patterns having 25 nm long legs 
nearly perpendicular to and parallel to the streets. 

Some of the measurements relevant to the present study are summarized In 
Table I. The alignments of the cloud streets could only be determined 
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visually by the scientists on board the aircraft to within + 15* of the actual 
orientations; on 18 and 26 September, the mean boundary layer wind direction 
was used but on 20 Septeaber, 15* to the right of the mean direction was ir. ' 
Visual estimates and the tlae series that were aeasured during the cro* . toll 

flight legs were used to determine the magnitudes of the cloud spacings L; lu 

the case without clouds (26 Septeaber) the mixing ratio data were used, while 
in the cases with clouds (18 and 20 September), the radiational flux data were 
used. Clo-ad base z^ and cloud top were determined visually by the scientists 

in the aircraft; for the cases on 18 and 20 Septeaber, the highest cloud tops 

were used for the roll depth H, while on 26 Septeaber the highest levels at 
which significant turbulence was present were used. The inversion base z 4 was 
determined from the temperature profiles co be the level at which a sharp 
Increase in potential temperature occurred. The eddy viscosity v was 
calculated from the usual flux-gradient relationship; the appropriate 
momentum flux was found from the cross-roll momentum spectra by integrating 
over the portion of the spectrum to the right of the roll-scale frequency 
band. The uncertainties in the values of v are large, and its actual values 
may vary between one-half and twice the reported ones. In any case, the given 
magnitudes of v were used together with f ■ 1.2 s 10“^ to calculate the 
values for the Ekman depth D • (2 •>/ f) 1 ^. From Table I we see that these 
values of D are in the range (1/2)H to H, and these are larger than those 
normally found in studies of dkman layers (e.g. , Feller and Kaylor, 1966) for 
which D - H/5. Other relevant parameter values depend on the height of the 
model domain being considered, and they are presented in the next section. 
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3. Cloud Street Model 

Shlrer (1985) developed e nonlinear low-order spectral modal of 
convection occurring in a three-dimensional, rotating environment containing >* 
thermal stratification and an arbitrary height-dependent horizontal wind. The 
model simulates two-dimensional planforms that originate from a combination of 
the thermal and parallel instability mechanisms proposed by others as 
candidates to explain cloud street development (Brown, 1980). Although the 
model is a nonlinear one, the critical values of the control parameters 
representing the forcings that drive the rolls are determined by obtaining the 
neutrally stable modes from a linear analysis of the basic state. The 
expected values of the response parameters representing the preferred roll 
geometry are those producing the smallest values of all the control para- 
meters. The values of these response parameters are most easily compared with 
the observstlons; if good results are obtained, then the nonlinear model upon 
which the linear analysis Is based likely has sufficient degrees of freedom 
for representing the nonlinear secondary circulations themselves* For a 
neutrally stratified boundary layer, Shlrer (1985) considered rolls that 
extract energy from one of two sources: 1) the lowest order sine terms of a 

Fourier expansion of the seen wind shear profile, which are equivalent to the 
lowest order cosine terms of the mean wind profile, or 2) the average shear 
and lowest order cosine terms of the mean wind shear, which are equivalent to 
the sine terms of the wind profile. Here the principal results of the aodel 
are reviewed. 

3.1 Governing parameters 

The modeled rolls are able to derive their energy from an unstable 
thermal stratification, given by a modified taylelgh number 

*m * «*TMV< l ^l>V°l*m)/l'«*<0>e 4 l (3.1) 
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or from the shearing mean wind field whose intensity can be measured in part 
by a Reynolds number 

Re - |y(a T )|*^/v . (3.2) 

These are the twj control parameters of the problem. In the definitions (3.1) 
and (3.2), z>j is the model domain top «".d the height of the roll circulation, 
is the constant environmental lapse rate, Y a is the constant moist 
adiabatic lapse rate, Y 4 is the dry adiabatic lapse rate, T(0) is the air 
temperature at the bottom of the domain, nj is a Fourier coefficient defined 
in (3.4) that is related to the cross-sectional area of the cloudy region in 
which latent heating is assumed to occur, |y(zj)| ts the wind speed at the 
domain top, v is the constant eddy viscosity, and < is »..« constant eddy 
thermometric conductivity. In addition, the Prandtl number P * v/k provides a 
measure of the relative importance of the dissipation of momentum to that of 
heat. 

Because of the uncertainties in the observed roll heights, we consider 
several values for tj that cover the reported ranger of cloud or roll tops H 
and inversion heights (see Table I). From (3.1) and (3.2) we see that R v 
and Re can vary markedly with *j* and in Table II we give their values 
together with those for the equated aspect ratio A 2 , which is deflnad hare by 

A 2 • (2* T /L) 2 . (3.3) 

To calculate values of lg, we make several assumptions. For * the value 
of P*1 is used. The values of are estimated from (T(0) - T(»x)J/*x, and 
as a result, they vary markedly with gj. rhe ranges of Y, in Table II are 
determined by using for the temperature T(0) the following three estimates: 



Table IX. Observed Parameters That Depend on Model Domain Height 
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the first is obtained by extrapolation of the aircraft data down to the 
surface, and the other two are obtained by adding 0.5"C and 1,0'C to the first 
value (by these differences, the sea surface is warmer than i'.ie air). On the 
other hand, the sane value (5 K/ke) for the moist adiabatic lapse rate 
seems appropriate for all cases. Because the cloud top h and the domain 
height zx do not coincide in some cases, we use the following definition for 
n V 

*1 ■ (H - *x>/ < 2*1 ) * t8in(2wH/sx) - 8in(2s*i/*x) 1/(4*) . (3.4) 

For cases in which H > *x, we set H ■ zx in (3.4). Equation (3.4) is a 
slightly more general form for n^ than that given in Shlrer (1985), in which 
H » zx is assumed, however, (3.4) is not completely general because the width 
i of the cloud is assumed to be half the horizontal wavelength L of the 
circulation; for cases F to H, (3.4) gives an overestimate for the cloudy area 
because 1 < L/2. From (3.1) we see that the necessary condition R^ > 0 for 
convection is equivalent to Y e > (1 - + n^ B , which is the slice method 

criterion for conditional parcel instability given by Bjerknes (1938). 

As can be seen from values of Rg in Table II, most cases on 18 
September and all cases on 26 September correspond to statically stable 
conditions, and all cases on 20 September to statically unstable conditions. 
These are consistent with the observations on 18 and 26 September of rolls 
penetrating into an inversion associated with an approaching warm front and 
on 20 September of rolls occurring in the unstable air behind a weak cold 
front. 

3.2 Possible cloud street nodes 

Shlrer (1985) found that one cloud street mode is possible in statically 
unstable environments, but that three distinct ones are possible in statically 
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stable environments; all these modes derive their energy from combinations of 
thermal and dynamic forcing. The presence of a rotating environment is 
important because the Coriolis and the viscous terms in the equation of motion 
have tie same order of magnitude. As noted by Lilly (1966), this is a 
signature of modes tapping energy from the wind shear component parallel to 
the roll, and he denoted these modes as the parallel instability ones. In the 
modol of Shlrer (1983), the sizes of the Coriolis terms are measured by the 
rotating Reynolds number f* given by 

f* • f*f2/(v*2) . (3.5) 

Of note here is that f* is not independent of Re because both parameters 
coo tain v in their definitions. The ratio of Re and f*, given by the Rossby 
number 

Ro - Re/f* • |V(rx) |w ? /(*Tf) (3.6) 

is determined from the observations. In the discussion 'mlow we limit the use 
of the terms parallel instability and parallel modes to the neutrally 
stratified case when Rg^O. 

3.2.1 Cosine parallel modes. The parallel instability modes found by 
Shlrer (1985) to have preferred orientations and wavelengths that most 
closely agreed with those reported for Ekman layers by Lilly (1966), Faller 
and Raylor (1966, 1967) and others are those developing from the lowest order 
sine terms of the mean wind shear profile, or equivalently via integration by 
parts from the lowest order cosine terms of the ambient wind profile. These 
latter formulations are easier to calculate from observed wind data and are 
given by 


w 
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— 1 

& 5 ■ -2 In |y(z T ) |* T ) J 0 U(z) c 08 ( 2 hz/z t ) dz (3.7,' 

-1 Z T 

■ -2 l»|y(z T )|z T ] J 0 V(z) co*(2irz/z T ) dz (3.8) 

la which U(z) and V(z) are the orthogonal wind components In a right-handed 
coordinate system. As a consequence of the form of the expressions (3.7)- 
(3.8), we refer to these modes as the cosine parallel instability modes. 

The coordinate system used to define (3.7)-(3.8) is quite general and is 
chosen to be the one in which the deta is presented; Shlrer (198S) chose east 
to specify the x-axis only for convenience. In general, the orientation angle 
8 for the rolls will be the angle between the x-axis and the roll axis, with 
counterclockwise angles being positive. In the analysis in Section 4, the 
expected value of 0 is 0*. The orientation angle 0 and the aspect ratio A are 
the two response parameters of the problem, because the values of them that 
minimize the values of the control parameters Rg and Re provide the expected 
geometry of the streets. 

The wind shear coefficients f ^ and f ^ in the roll coordinate system are 

r x - Re P la 5 cos(0) + a fi sln(o)] (3.9) 

?2 ■ Re P [a^ cos(0) - a^ sln(0)] (3.10) 

in which is the along-roll and f 2 the cross-roll shear component. For 
these cosine parallel modes (or coincidentally for purely thermal modes 
developing in an irrotatlonal environment), the cloud streets are found t j 
choose an orientation that maximizes the along-roll shear (Shlrer, 1980, 
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1985). Froa (3.9)-(3.10) we see that this orientation is given by 

0 O ■ tan-^ag/as) (3.11) 

and that it also causes the cross-roll shear to vanish. In his study, Kelly 
(1984) used (3.11) because it corresponds to the formula for <*2 in Shirer 
(1980). 

Shirer (1985) found that the critical Reynolds nuaber Re 0 in the neutral, 
parallel Instability case, can be expressed as R a *0 and 

kc c 2 - 4^2 + D^UAo 2 + 1)3 + f2 2 J/£A 0 2 £*2( m5 2 + ^2)] # (3.12) 

whose ainiaua v^lue with respect to both A 2 and 8 occurs when 

fo* 2 - (A* 2 + i) 3 (l - 5 Ao 2 )/(2Ao 2 - 1) . (3.13) 

This result is independent of the Ptondtl nuaber P, but depends critically on 
Inclusion of the Coriolis tera f 0 * in the aadel. With the aid of (3.6), we 
aay coabioe (3.12)-(3.13) to relate Aq 2 to the observed values of Ro , 85 and 
S 6 via 



5Ro 2 (a 5 2 ♦ a 6 2 ) - 12 + 6(4 + 5Ro 2 (a 5 2 ♦ » 6 2 )) 1/2 
25 Ro 2 (e 5 2 ♦ a 6 2 ) 


. (3.14) 


Ones Kq has been deterained froa (3.14), we aay obtain a value for f Q * froa 
0.13), for Re 0 froa (3.12), and for v 0 froa (3.2). These values together 
with 6 0 aay then be checked against those reported in Tables I-II, and we do 
this in Section 4 (see Table III). Typical values for A© 2 given by 
(3.14) are Aq 2 ~ 1/5, which corresponds to L/*y ~ 4.5. 
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3«2.2 Coalne nonneutral modes . For a boundary layer characterized by 
R # > 0 and Re < Re 0 , (in which Re 0 is the critical value (3.12) in the neutral 
case), Shirer (1985) found thet only one mode is possible. As the values of Re 
vary, the preferred orientation angles 6 are approximately given by 0 » 0 O , 
but the expected values of A 2 Increase from 1/5 to 1/2 as the critical values 
of Re decrease and as those of *m increase. For Rayleigh-Benard convection 
in a calm environment, the aspect ratio obeys A 2 ■ 1/2 or L/zj ■ 2.8. 

For a boundary layer characterized by Rg < 0 and Re > Re 0 , Shirer (1985) 

found a single mode having preferred alignments tear e 0 , but having wave- 

lengths that broaden as the critical value of Re Increases above that for Re 0 . 
However, in a boundary layer having a sufficiently stable stratification, 
a second mode occurs for which the along-roll and cross-roll shear 
coefficients f ^ and f 2 sre nearly equal in magnitude. Kaylor and Faller 
(1972) found modes similar to this second one, and they related them to 
propagating Internal gravity waves o For these second modes to exist, Shirer 
discovered that the values of both Re and Rg have to exceed their respective 
critical values Re3 and R^, and that this is consistent with the usual 
requirement that the value of a Richardson number Ri ■ - R m /(Re 2 P) not be too 

large. These modes are consistently oriented 30° to 50* on either the right 

or the left of the alignment given by 8 0 and their angles are labeled 83 and 
84; moreover the preferred values for A 2 are near 1, corresponding to 

L/*x ~ 2. 

For all the cosine modes, the expected values of A 2 fall in the ranges 
given in Table 11. Thus, a critical test (in Section 4) is a comparison 
of observed and modeled orientation angles, for the two cosine modes are 
separated by 30* to 50*. 
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3.2.3 Sine parallel nodes . As noted by Shire r (1985), not all the 
energy in the seen wind profile that is available for roll development is in 
the lowest order cosine terms as and a$ of a Fourier series. Indeed, as as 
and ag decrease in magnitude, we see from (3.12) that 8e 0 will Increase in 
value; other modes having smaller critical Reynolds numbers might be possible 
and so become the expected ones. For example, there could be significant 
energy in the mean shear and lowest order sine terms of a Fourier expansion of 
the wind profile, and for an Ekman profile Shlrer (1985) considered for the 
case Rg s 0 the parallel instability modes that develop from these terms. These 
are referred to as the sine parallel nodes and depend on the coefficients 


b x - 2[; 2 |V(* t )|J- 1 (U(* t ) - U(0)J (3.15) 
b 2 - 2[» 2 |y(* T )!r 1 [V(* T > “ V(0)] (3.16) 
b 3 - - 2[t|VU T ) I z T r l Jg r ’J(a) ain(2wz/* T ) d r (3.17) 

b 4 - - 2[t |y(s T )|s T J" l /* T V(«) sin(2«/t T ) d. . (3.18) 


In this case the wind shear coefficients in the roll coordinate system are 
(cf (3.9)-(3.10) for and ? 2 ) 


• *a Pf(h 1 - b^) cos(e) ♦ (b 2 - b^)sin(e) J (3.19) 

2 2 - Ra Pl(b 2 •* b 4 ) cos(e) - (bj - b 3 )sin(e)l 


(3.20) 
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Z 3 "■ Re P[b 3 cos(e) + 8 ln(e)J (3.21) 

£4 ■ Re P[b^ cosCe) - b^ 8 in(e)) . (3.?2) 

Unfortunately the fact that £^ * £^ and £2 * I 4 greatly conpllcates the 
analysis, and eliminates the possibility for simple formulas comparable to 
those in (3.11)-(3.14) for the preferred parameter values. For example, the 
orientation angle for which the roll-perpendicular shear £4 vanishes is 
6 p ■ tan _ 1 (b 4 /b 3 >. However, this angle does not lead to the vanishing of the 
other roll-perpendicular component £ 2 , because in general bj*0 and b 2 * 0 . In 
addition, the alignment angle in Shirer (1980) analogous tc that for the sine 
parallel modes is <* 3 , given here by ^-tan ” 1 [(b 2 - 2 b 4 )/(bi- 2 b 3 ) ] . Bui. tnis 
angle does not provide the preferred orientation of the rolls either. 

Consequently, the preferred parameter values, which will be denoted by a 
subscript a, are determined numerically by solving a cubic equation in Re^; as 
in the previous cosine parallel mode case, the appropriate values for A a ^, 6«, 
f a * and v a are those that produce the smallest critical value Ra a for Re. 
Generally, for both Ekman profiles and the KonTur profiles discussed in 
Section 4, the preferred angles 0 a are ones for which | £ 3 1 » | £ 4 1 • Thus, the 
rolls are aligned so that the magnitudes of the roll-parallel shear components 
greatly exceed those for the roll-perpendicular ones. The Coriolis parameter 
is necessary as well, so it is reasonable to refer to these modes as parallel 
modes. But £2 !■ often large in magnitude too, implying that there is a 
significant energy source from a perpendicular component of the wind. No such 
energy source exists for the cosine parallel modes. 
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Shlrer (1985) found for Ekaati profiles Chat the sine parallel nodes are 
associated with orientations within + 20* of the geos trophic wind vector when 
D Is in the range to 27. This is the sane range for D that characterizes 
the KonTur observations (see Table I). Unfortunately, Shlrer (1985) did not 
consider the nonneutral sine nodes and so did not determine whether nodes 
could exist that are analogous to the nonneutral cosine ones for which 
■ fj* 00(4 Is that because the spectral expansion for the screen 

function of the sine parallel nodes contains both sln(z) and cos(z) terns, 
these rolls will be tilted in the vertical; the cosine parallel nodes have 
only sln(s) terns in the strean function expansion and so these rolls cannot 
tilt. 

4. Comparisons 

In order to compare the observed and theoretical results, we assune that 
the observed values of Re and Rg are near their critical ones for Instability. 
This will be an acceptable asaunption if the roll-scale velocities and thermal 
perturbations are snail In magnitude. Proa the observed cross-sections 
through the rolls on 18 and 20 September 1981 given In Brusner and Grant 
(1985), we find chat |v' | ~ 0.2 a/s and |T* | ~ 0.1 K, which are snail values 
relative to those of the scaling variables V-10 a/s and T o ~290 K used in 
the aodel. 

Prom Table II, we see chat the boundary layer Is nearly neutrally 
stratified (R* » 0) in cases K and B, and unstably stratified (R* > 0) in 
cases P to H). Prom the results sunnarlsed In Section 3, we note that these 
ar>t the cases nose likely to have orientations near the angles associated with 
the parallel Instability nodes; in the neutral cases, we should find Re • Re 0 
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for the cosine inodes or Re » Re a for the sine nodes, while in unstable cases 
we should ha ye Re < Re 0 or Re < Re a . The stably stratified cases (R« < 0; 
cases C to E, I to K) night be well approximated by the cosine parallel node, 
for which 8 • 0 O and Re > Re Q , the sine parallel node for which 8 • 0 a end 
Re > Re a , the cosine nonneutral node for which 9 » 0 O + 40* and Re > Re3 and 
Ra > Rm3» or the sine nonneutral mode which unfortunately was not considered 
by Shlrer (1985). 

4.1 Conparlsons with cosine nodes 

In Table III we give the modeled and observed values of orientation 
angles 8, wavelengths L, Reynolds numbers Re and eddy viscosities v for the 11 
cases summarized in Table II. The observed wlud profiles given in Brunner 
and Grant (1985) are already in the roll coordinate system, and so the 
observed orientations are 0*. 

Generally the results given in Table III show that the cosine parallel 
nodes (subscript o) cannot explain the observed cloud streets: The 

orientations are too far from their observed values and the magnitudes of Re 
generally exceed those for Re 0 in both stably and unstably stratified 
situations, while Re > Re 0 is expected only for the stable cases. Generally 
the modeled values for L are within the reported ranges. 

Expected orientation angles 0 O that are mich larger than the observed 
ones suggest that the second cosine modes, for which the Fourier coefficients 
of the along-roll, Ti, and cross-roll, T2» wind shear components are nearly 
equal in magnitude, might explain the observations in the stably stratified 
cases. Table 111 also summarises the expected values for these modes 
(subscripts 3 and 4). Again, the modeled orientations 03 and 04 rarely agree 
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TakU III* Coaloe Nodes: Subscript o srs neutral nodes for parallal Instability, subscripts 3 and 4 are nonneutral 

■odes for uhlch the along-roll and cross-roll sheer coefficients ere nearly equal in 
■ageltude (P“0.4 used so oolst Rayleigh nuobsrs are nearly equal)* 
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with Che observed ones, Che wavelengche Lj tend co be coo smell, end che 
values of Che Reynolds numbers Re3 coo large. 

The poor agreemenc becveen che oiodel results and che observadons can be 
seen In Fig. 1, In which che observed ranges of Rg are shown as funcdons of 
Che observed normalized values of Re. The dashed line gives che cricical 
values of Rg and Re for chose modes chac correspond in Che neucral case Rg ■ 0 
Co che cosine parallel modes, and che solid lines give in a few selecced cases 
Che cricical values for che nonneucral cosine modes for which | T i | ■ | T2 l • 

Rolls are expecced when values of Rg and Re are co che rlghc of che curves. 

No observed values of Re approach chose aasociacad wich Che nonneucral cosine 
modes, and chey would noc, even if che values of v were adjusted by a faccor 
of 2. Moreover, Che locadons of che cricical curves for che nonneucral modes 
do noc depend very «ich on che parcicular value of P; che chosen value of P, 

P ■ 0.4, is che value for which boeh che rlghc mode 63 and che lefc mode 64 
have approximaCely Cha same cricical value* of Rg and Ra. 

Prom che above comparisons, we conclude chac Che cloud screecs observed 
during KonTur did noc derive chair energy from cha lowesc order cosine cerms 
in Che Fourier expansion of che mean wind profile. The Ekman depchs D 
observed during KonTur were qulce large, when normalised by alcher che cloud 
cop H or che domain helghc s? (see Tables X and II). Shlrar (1985) nocsd chat 
Cha cosine parallel modes are more likely associated wich secondary 
circulations developing in boundary layers having very small relative Ekman 
depchs for which D/sj ~ 1/5. Be concluded chat modes extracting energy from 
the average shear and sine cerms bi to be in cha mean wind profile wars more 
likely Co explain che circulation patterns when D/s-j was Ip che range 1/2 Co 
1, as characterises che KonTur eases. Ha also observed Chat Chase pat cams 
would have appreciable tilts in che vertical; Brummer and Grant (1985) noted 
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No Rollt 


Critical «alMi of Iq u4 nontlliri critical ealaes of la for 
tha eoelae nodes ehen f ■ Q.4; for thla «alue of P, the oooaautral 
Mdse ha ea tha mm critical vale* of la. Tha das had Um glees 
tha saloon for tha nodes that an associated with the parallel 
Instability caaa; this caea occare at 1. • 0 end »e • ta 0 end it le 
labeled with a dpt. ftp aolld llaae glee la a V* cases tha aodaa 
for ehlch tha croes-roU aad aleag-roll shear coi^oMnts era nearly 
oqeal la angel tede. Also shown era tha obsersad seines glean In 
Table 11. 
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that the cross sections through the rolls on 18 and 20 September showed 
appreciable tilt, particularly In the thermodynamic variables. The sine 
parallel modes, then, appear to be better candidates for explaining the KonTur 
observations. 

4.2 Comparisons with sine parallel modes 

Although Shirer (1985) did not consider the stratified problem, we may 
examine the neutrally stratified case here under the assumption chat the 
actual orientations and wavelengths found In a stratified atmosphere would be 
near those applicable to che neutral case. We may toe this hypothesis by 
checking whether the observed values of Re are greater than t'uelr theoretical 
values Ra a In the stable cases and whether Re < Re a In the unstable cases. 

In Table IV we show the expected orientations 6 a >nd wavelengths L a , as 
well as the values of Ra a and v a , for the cloud streets associated with the 
sine parallel modes. In contrast to the cosine modes (Table III), we find 
that two or three alignments are possible In many cases; all are given, with 
the orientations associated with the smallest values of Ra a listed first. 

Many cases In Table IV give acceptable agreement In all displayed para** ".sr 
values. Generally, the best agreement occurs when the Inversion height z^, 
rather than the cloud top H, la used as the model domain height zy: In case A 

for 18 September, case G for 20 September and case l for 26 September, the 
orientations are within 10* of the observed values. Of note is that Z| Is the 
altltud* assumed by Shirer (1985) to correspond to che domain height; because 
he did not model circulations penetrating Into the capping stable layer, It Is 
not surprising that ay • a* leads to better agreement then does ij ■ D. 

In addition, ee depleted in Fig. 2, the relationship between Re and Ra a 
la generally as would be expected If the nonneutral sine modes are to explain 
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Table IV* Sine Parallel Instability Modes (1 - model domain height equal to inversion height, 

c - model domain height equal to cloud or roll top) 
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the observations. We find that Re/Re a < 1 for unstably stratified situations, 
and that Re/Re a > 1 for stably stratified ones; this Is In contrast to the 
cosine nodes for which Re/Re 0 < 1 in the stable cases but Re > Re 0 In the 
unstable cases (Fig. 1). Moreover, in Fig. 2 the values appear to fall on a 
line whon plotted as functions of R^, again in contrast to the previous case 
in Fig. 1. From Table IV, we find that the wavelengths L a are well within the 
reported ranges in the cases A and B for streets developing in nearly neutral 
boundary layers. The wavelengths in the unstably stratified cases F to H are 
a bit too large, but as noted in Section 3, we expect that the values of L a or 
L 0 will be smaller In the unstably stratified cases than in the neutral ones. 

5. Concluding Reaarks 

In this article, we compared the orientations, wavelengths, and governing 
paraaeter values observed on three cloud street days during the 1981 KonTur 
experiment with the threo parallel/ thermal instability roll modes discussed by 
Shlrer (1985) In a nonlinear model of shallow Bousslneaq convection. Two of 
these modes derive energy from the lowest order cosine tens in the mean wind 
profile and the other mode from the average shear and lowest order sine terms. 
Mo evidence is found here that the observed cloud bands derive their energy 
from the cosine terms, which were noted by Shlrer (1985) to be associated with 
small Ekman depths* 

Instead, the roll modes deriving their eoergy from the sine terms of the 
wind profile appear to give agreement in all parameter values, even though 
only the neutrally stratified cas a could be considered in the model. The 
agreement la bast when the Inversion heights are assumed to represent the top 
of the roll circulations, even when there is appreciable penetration ot the 
circulations into tbs stable layer; this is consistent with the assumption 
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used In che Shlrer (1985) model that the environmental lapse rate Is constant. 
The sine modes appear to characterize boundary layers having large Ekman 
depths, and the nonlinear solutions associated with these aoiles would have 
appreciable tilt with height. Both these features were found In the cloud 
street observations. 

The results presented here do not contradict those presented In Brunner 
and Grant (1985). They concluded that the rolls on 20 September were 
thermally driven and those on 18 and 26 September were dynamically driven, 
and this is consistent with the results given In Fig. 2. Moreover, 

Brunner and Grant (198S) determined that the primary dynamic energy source 
for the rolls was that of tne cross-roll wind cooponent. As noted earlier, 
this would be incompatible with the cosine parallel instability modes for 
which the roll-perpendicular shear component vanishes, but it would be 
compatible with the sine parallel mode for which an appreciable 
roll-perpendicular wind component occurs. The sine codes can be called 
parallel modes because they are aligned so that the roll-parallel wind shear 
is tuch larger than the roll-perpendicular shear and because the Coriolis 
parameter must be included. 

However, one deficiency of the Shlrer (1985) model Is that there Is no 
representation of a primary dynamic mechanism — the Inflection point 
Instability — for extracting energy from the cross-roll mean shear. To study 
these inflection polnc modes, a crucial requirement is that more than one 
vertical harmonic Mist be included In the model. This observation, togethar 
with tha results presented here, Indicate that to represent completely all 
possible roll modes, a low-order model oust include both the sine and cosine 
terms and at least two wavenumbers In the vertical. In this way sufficient 
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forcing by the aablent wind would bn introduced into the model via inclusion 1} 

of all of tha first faw tsras of a Fourlar expansion of tha aean wind profile, • 

A sacond deficiency of tha prasant nodal is that only tha linear portion 
of tha aean temperature structure is resolved. Since aost roll circulations 
penetrate into inversions capping tha boundary layer, tha nonlinear portions 
of tha aean teaparature profile ought to be important to tha developaent of 

tha rolls. In spite of the deficiencies in tha present model, the analysis in •> 

this article demonstrates a remarkable agreeaant between the observations and 
the theoretical nodes deriving energy from only a Halted pert of the aean 
wind and teaparature profiles. 
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Abstract 

The phyeicel relationship between steady axisymmetrlc flows that might be 
observed in the atmosphere and in laboratory vessels is investigated theoret- 
ically. This is accomplished by comparing both the nonlinear structure and 
the thermal forcing mechanisms in two truncated spectral models of flow in the 
atmosphere and the rotating laboratory cylinder respectively. Under statl- 

I 

caxly stable conditions, the response of the internally-forced spherical 

model (which is developed here from a set of new orthonormal basis functions) ( 

exhibits steady behavior different from that in the externally forced 

I 

cylindrical model. Two regions of miltlple steady solutions occur in the i 

cylindrical model, under stable conditions, that are not found in the ; 

i 

spherical one. The possible physical relevance of these «iltlple solutions is 

i 

Investigated by determining their location In parameter space with respect to j 

the classical Hadley-Rossby transition curve. The results suggest that the 

I ' 

5 

wave flow regime, in an annulus, might develop catastrophically when an upper 

\ 

symmetric flow ceases to exist. Further examination of each model reveals \ 

that steady behavior is linked to the hydrostatic assumption and so to the ! 

! 

I», 1 

aspect ratio and basis functions of each system. The results suggest that the ^ 

manner by which regime transitions occur In externally forced vessels might 
differ from those for the internally (and externally) forced atmosphere. 

Significantly, internally forced laboratory vassals are found to have the ] 

. • 

greatest utility for studies of large-scale axisymmetrlc flow regimes In the ■ 

atmosphere. 


i 

i 

! 
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1. Introduction 

Theories of the global structure and behavior of the atmosphere cannot 
be tested easily vi.- direct experimentation. Thus, atmospheric scientists 
must develop suitable replicas, such as laboratory or mathematical models, to 
simulate thermally forced motion on rotating planets. If the objective is to 
produce an accurate prediction of large scale atmospheric flows, then a 
detailed replica that Includes the effects of topography, radiation, 
cloudiness, etc., oust be considered. However, the complexity of such a 
detailed model would obscure thorough understanding of the physical 
processes that produce the flow. Hence, to gain physical insight into the 
nature of atmospheric motions, it is often necessary to utilize simplified 
models in which only certain physical processes are emphasized. 

Generally, a laboratory model is considered useful if it produces flows 
that resemble those of the atmosphere. A common assumption is that we can 
establish the relevance of certain experimental results to atmospheric flows 
by considering the degree of dynamic similarity between the two physical 
systems. Two systems are dynamically similar if we can determine, from the 
forces involved, an appropriate set of dimensionless parameters, similar 
values of which describe analogous motions in both systems (e.g., Panofsky and 
Dutton, 1983). 

It is impossible to devise a complete, practical system that replicates 
the atmosphere exactly. Instead, we consider models having governing 
equations of motion that retain at least those few dimensionless ratios 
necessary for describing qualitatively Important behavior in the atmosphere. 
Examples of qualitatively Important behavior would Include the number and cype 
of transitions between flow regimes. Since Buckingham's Theorem guarantees 
that there are only a finite number of ratios from which to choose (Langhear, 
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1951), we arc assured chat only a finite nuaber will control such transitions. 

In the laboratory, siaple flows have been generated by subjecting a fluid 
within a rotating annulus to a series of externally iaposed variations in 
horizontal teaperature contrast and rotation rate (e.g. Fultz et al. , 1959). 
The annular flows obtained at the critical values of the crucial paraaeters, 
which are usually taken to be the theraal Roasby nuaber and the Taylor nuaber, 
exhibit transitions between the syaaetrlc Hadley reglae and the wavy Rossby 
reglae, as well as between flows within the Roasby regiae. Apparently only 
two fundaaental paraaeters are nee^.d to specify these transitions 
qualitatively, although such geoaetrlc paraaeters as aspect ratio aay affect 
thea quantitatively. 

Owing to both the variable orientation of the gravity vector relative to 
the axis of rotation and the spherical gsoaetry of the earth, an efficacious 
laboratory aodel night be difficult to design. It is conceivable that neither 
of these physical aspects of the earth are crucial to the establishment of 
dynamic similarity between a laboratory model and the atmosphere. In fact, 
many investigators tacitly assume that these two aspects are not crucial when 
they consider cylindrical laboratory configurations, in which the gravity 
vector is oriented parallel to the axis of rotation. Intuitively, however, 
the rotating hemisphere saemt preferable to the rotating cylinder for 
observational studies, because Its geometry more closely matches that of the 
earth. 

Space-based experimentation In micro-gravity environments offers the po- 
tential of using spherical vessels having the epprcprlate orientation for the 
body force. Recently, the Geophysical Fluid Flow Cell (CFFC), a haadspherlcal 
shell of dielectric fluid, has been proposed to taka advantage of the sero 
gravity environment (Hart, 1984). So far, however, various design limitations 
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have restricted the i 'ojected overall usefulness of this particular instruaent 
for studies of large scale planetary wave processes arising from the 
instability of axisyumetric flows. 

In addition to design probleas, there is no guarantee that the results 
obtained from such a spherical configuration would be qualitatively different* 
froa those obtained in a cylindrical one. Indeed, we Bight observe that 
siallar paraaeters govern the saae types of transitions (e.g., Hadley flows 
exchanging stability with Ross by flows, etc.) in both rotating vessels. In 
this situation, it is crucial to deteralne whetner the characteristics of the 
transitions aight change between the ataosphere and the laboratory vessels: 
in one systea the transitions aight be saooth, in another, sudden. This is 
crucial, because fundaaental to the notion of dynaalc slallarlty is the 
preaise that transitions occur in the replica of Interest for the saae reasons 
that they occur in the ataosphere. 

In this study, we present evidence that both the occurrences of and the 
characteristics of the transitions in a quasi-hydros tat ic aodel, which la 
representative of the ataosphere, will not vary qualitatively with the types 
of theraal forcing. The tera quasi-hydros tat ic is used because the viscosity 
term la retained In the usual hydrostatic approxiaatlon. In contrast, we show 
that an appropriate non-hydros tat ic aodel, which is baaed on the laboratory 
cylinder, exhibits different steady behavior and hence different branching 
behavior froa that In the spherical case. These results are generalised to 
the corresponding physical systsas to show that when node ling the ataosphere 
the type of theraal forcing la crucial In a cylindrical replica, but not In a 
spherical one. Hence, a laboratory cylinder aust be forced suitably In order 
to aodel adequately the large-scale flow regiae In the ataosphere. 

la the analysis, we consider various combinations of two fundaaental 
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types of thermal forcing mechanisms: external and Internal. External forcin'* 

is applied at the boundaries of a laboratory model. For example, an 
externally iatpoaed horizontal teaperature difference la maintained in «n 
annulus by heating the outer wall and cooling the Inner one. Generally, this 
type of theraal forcing aust be used also In spherical laboratory aodels. 
Internal forcing, on the other hand, aust be applied directly to the working 
fluid inside a vessel. However, this aechanisa Is not ewsy to apply 
experiaentally. If internal forcing lr crucial to Modeling transitions in the 
ataosphere, then it should be included In laboratory siaulations. 

To obtain the results mentioned above, we coapare the solutions of two 
low-order spectral acdels that are truncated ar the saae level and that are 
based on spherical and cylindrical geoaetrles, respective';. Obviously, this 
Is a much acre practical approach than comparing either the flows produced in 
two laboratory vessels or the solutions of two large aatheaatical aodels that 
describe the two physical systems. Indeed, the laboratory vesaela, which 
require considerable resources to construct, alght be difficult to use as Bart 
(1984) Indicates for the rotating hemisphere. Moreover, large aatheaatical 
aodels are unwieldy and thereby impractical for this type of study In which we 
consider the transitions between steady state actions that in aany cases are 
governed by only a saall number of paraaeters (Shi re r and Halls, 1983). 

In this article, we begin by Introducing suitable forms of the 
hydrodynamic equations. Utilising the results of a recently developed method 
based oa contact catastrophe theory (Shlrer and Halls, 1982), and an 
application of Galerkln techniques, we obtain two five-component spectral 
mode la. The method based on contact catastrophe theory helps us to Identify 
crucial paraaeters that daflna Vnaalc similarity and that govatn the steady 
states of both physical systems. He choose spectral models because the 
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modeled flows are dominated by only a fev spatial harmonics. Indeed, from 
observational studies using the rotating annulus (e.g., Fultz et al. , 1959; 
Fowlis and Hide, 1965), we know that the spectrum of flows is characterized by 
audden transitions between observed states and hysteresis, which may be 
explained simply by low-order spectral models (e.g., Lorenz, 1962, 1963, 1984; 
Veronis, 1966; Vlckroy and Dutton, 1979; and Yost and Shirer, 1982). 

In Section 2, we discuss a new spherical model, which is developed here 
from a set or orthonormal basis functions recently proposed by Duttcn (1982). 
Tuese functions, which are derived by solving a linearized eigenvalue problem 
extracted from u h* original model equations, directly incorporate important 
aspect;, of the atmospheric dynamics. Initially the model includes an 
Internal thermal forcing mechanise that requires the heat icq field «r.d 
temperature field to share identical etnenfueClons (Hendersou, 1982). This 
oechanlsm is derived from atmospheric observations such as those in Dutton 
(1976). He find it necessary to add appropriate terms containing a Hadley 
number (Yost and Shirer, 1982) that is proportional to a horizontal 
temperature difference that might be imposed along the lower boundary, in 
order to compare the solutions of the spherical model with those of the 
cylindrical model. 

The cylindrical model, which is discussed in Section 3, is a version of 
the five-component model of Veronis (1966), that has been modified suitably by 
Shirer and Wells (1983) to contain both a Hadley number and a Rayleigh number 
that measure the horizontal and vertical temperature differences respectively. 
The possible physical relevance of the multiple solution regions in this 
model, which occur in a statically stable rotating fluid, is investigated by 
determining the location of their boundaries in parameter apace with respect 
to the observed symmetric flow-wave flow transition curve. The results from 
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this section suggest the possibility that the wave flow regime In an annulus 
might develop catastrophically when an upper syanetrlc flow ceases to exist 
rather than smoothly via a bifurcation, as one infers from the discussion In 
Lacher et al. (1977). This distinction is important, because it is essential 
to understand precisely how the transition from the Hadley to the Rossby 
regime is accomplished before we can model properly the transitions between 
flows within the Rossby regime itself. This philosophy is in accord with that 
of Chang and Shirer (1984) who suggest that, in many cases, all transitions 
within two-dimensional regimes oust be modeled correctly before the 
transitions to the three-dimensional ones can be obtained correctly. 

In Section 4, we compare the steady solution surfaces that arise in each 
low-order axisymmetric model and show that substantial differences occur. As 
mentioned above, we find that any combination of internal and external thermal 
forcing mechanisms in the spherical model, leads to unique real solutions In 
statically stable conditions » This result suggests that transitions between 
the Hadley and Rossby regimes in the atmosphere are likely to be smooth. If 
both models are forced externally, then we observe two cusps in the cylindri- 
cal model, in statically stable conditions, that are not found in the spheri- 
cal replica. Consequently, in this case sudden transitions and hysteresis 
within the axisymmetric flow regime are possible in the cylindrical model, but 
not in the spherical one. The different behavior is linked to the hydrostatic 
assumption and so to the aspect ratio and basis functions of each system. 
Finally, if internal thermal forcing is used in both models, in the absence 
of externally imposed horizontal thermal forcing (l.e., a Hadley number), then 
unique real solutions are found in both models in statically stable 
conditions* 

He conclude that an internally forced laboratory vessel would most 
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closely model the axlsymmetric flov 4 ~\ the atmosphere. Thus, the results 
raise a number of questions concern j the utility of externally forced 
vessels for future studies of large-scale flow regimes in the atmosphere. 
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2. Axlsyametric flows in a rotating healsphere 

From a Bousslnesq version of the Navier-Stokes equations and the first 
law of thermodynamics , we may derive an infinite set of nonlinear ordinary 
differential equations (o.d.e.'s). To accoapllsh this, we develop first a new 
set of orthonoraal vector basis functions for the dependent variables from 
associated linear eigenvalue problena . In this investigation, the set of 
o.d.e.'s is truncated to yield a f ive-coaponent axlsyaaetric aodel that is 
representative of the atmosphere. In the final part of this section, we 
obtain the steady solutions and construct the resulting steady solution 
surface, in anticipation of a comparison with the cylindrical aodel results. 

a. The approximate equations for global axlsyaaetric flow 

We choose to alter an approxlaate sat of large-scale Bousslnesq equations 
given in Dutton (1982), by imposing quasi-hydros tatlc conditions and by 
assuming incompressibility. This system can be written as 
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The Bousslnesq approximation was applied by expanding all thermal 
variables 0, v and p in terms of perturbations superimposed on a reference 
state that was taken to be isentropic, isothermal, hydrostatic and isosteric; 
that is, we write 4 “ ♦<> + Following the technique utilized in Yost and 

Shirer (1982), we write the perturbation potential temperature fi^ld as a sum 
of two terms: one depending on the time-independent imposed vertical tem- 

perature difference, which measures the static stability of the fluid, and the 
other on the thermal response e' of the fluid to the imposed heating rate Q. 
Thus we may write 


e 


+ + 9 ’ 


( 2 . 6 ) 


In (2.1) and (2.2), the pressure gradient term has been written in terms 
of potential temperature 0 and Exner’s function *. Dissipation in (2.1)-(2.3) 
is manifested via the eddy values •'f the coefficients of kinematic viscosity v 
and thcrmometrlc conductivity k. The thermodynamic equation (2.3) has been 
simplified by normalizing the perturbation potential temperature by 0 O . The 
forcing Q represents a combination of radiant and latent heating rates. 

Since we choose to represent (2.1)-(2.4) in spherical coordinates, the 
horizontal basis functions become the usual spherical harmonics. If + is 
latitude, X is longitude and z is radial distance, then the gradient operator 
V and Lapladan operator V 2 are 
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where p * sin ^ and a Is Che mean radius of Che earth. 

We elecc Co swlcch from equacions in cerms of Che pseudoscalars u and v, 
cc equacions In Cerms of crue scalar variables ChaC are lndependenc of che 
coordinaCe system, namely Che vortlcity ; and the divergence D. We shall see 
later chat this presents no particular problem when determining expansion 
coefficients for u and v because they are determined from 5 and D via 
recurrence formulas and truncation relations. 

With the Helmholtz Theorem, we write the horizontal velocity field as 


-H “ - x V H* + V H X * 

(2.9) 


in which f and y are the usual stream function and velocity potential, 
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i 

respectively. If the vortidty and divergence are defined as 5 
D ■ then (2,l)-(2.4) become 
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In (2.10)-(2.14), we have used the scaled u and v velocity components 
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U * U/(l - y2)l/2 ao< l v a V/(l ” y2)l/2 to avoid the singular It ies near the 
poles (Machenhauer, 1979 ^ , and we have Invoked axisynmetrlc conditions by 
ellalnatlng longitudinal derivatives. In addition, we simplified (2.10)- 
(2.14) by Introducing a Prandtl number P ■ v/ic, a number proportional to a 
Rayleigh number 


S - - (+) *r • 


(2.15) 


and the definitions w - Bow', t * b'/Bq and q - Q/(p 0 c p T 0 ). 

To complete the formulation of this problem, we employ boundary 
conditions over the spherical spatial domain 


D g - { x: * 1 < n < 1, 0 < t < Zj) 


(2.16) 


of the axisynmetrlc model, where Zj is the upper boundary. Appropriate 
boundary conditions are 


w ■ 0 at z ■ 0 and z ■ 
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0 at z ■ 0 and z ■ 
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Hence, the boundary value problem for axisynmetrlc flow on a sphere consists 
of the equations (2.10)-(2.14) and dm boundary conditions (2.17)-(2.20). 

b. A five-component axisynmetrlc model 

He aim to formulate a set of heels functions that couple the dependent 
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variables In (2.10)-(2.14) so that fewer expansion coefficients are needed to 
represent the flow. In general, this presents no mathematical difficulties 
when appropriate linear eigenvalue problems are extracted from the three- 
dimensional system (2.1)-(2.4). Indeed, Higgins (1983) showed that the 
velocity field v and pressure field w could be coupled in this way and that 
the resulting spectral equations depended on only two sets of scalar 
coefficients. However, we ignore zonal variations in the axlsyuaetric model; 
this Introduces some problems in coupling q and D in any chosen linear 
problem. In this situation, we are obliged to solve three separate linear 
problems. Three suitable problems, extracted from (2.10)-(2.14), are solved 
in detail in Appendix A. 

The solutions to these problems produce spectral expansions that portray 
the spatial and temporal dependence of each variable in the axlsymmetrlc 
model. When these Fourier expansions, given by (A.21)-(A.23), (A. 29) and 
(A. 32), are substituted into the model equations and Galerkln techniques are 
applied, then we obtain a coupled model hawing only three sets of spectral 
coefficients. This model is found in Higgins (1983). 

In this investigation, an appropriate truncation of the complete spectral 
system must retain different terms that repreeant nonlinearities, rotation, 
and appropriate vertical and meridional thermal parameters. In addition, the 
truncation should retain the fewest number of components that are needed to 
maximise the information in the model* Finally, it mist possess enough 
external control parameters to describe adequately the steady state solutions 
that are of intareat here (Shlrer and Hells, 1983). 

Recognising these facts, we Impose a modified form of a triangular trun- 
cation on the spectral expansions (A.21)-(A.23) , (A. 29) and (A.32) for w, D, 
t, t and i respectively, in which all components with a > M, n > N and m > n 


* * <\ 
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are set equal to zero, ao that 
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The expanaiona for the auxiliary varlablea are (e.g., Ellaaen et al.. 1970) 
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The coefflclenta U* and V* are abbrevlatlona for the recurrence relatione 
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where J Q ■ [n /(4n - 1)J . Hence, If the expanalon for either ( or D la 
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given, then the series for U or V Is easily computed . We note that the 
spectral expansions for U and V extend one degree higher In n th«n do the 
expansions for £ and D. Thus, the number of and V* coefficients Is larger 


than the number of c* and a a coefficients for any truncation; this leads to a 

q n 


closure problem for the cases q • 0 or n * N. ( Eliasen et ale (1970) showed 
that specific truncation relations resolved this problem. Later Orszag (1974) 
and Byrnak (1975) showed that these relations were equivalent to boundary 
conditions at the poles for the horizontal velocity field. Rather than 
present an extensive description of these relations, we give the* 'A«sn 
necessary following Eliasen et al. (1970). 

By truncating the series (2.21)-(2.25), we Halt the range of the basis 
functions to only those large scales at which energy contributions are 
significant. The smallest truncation available that maintains nonlinear 
interactions, Coriolis terms, and energy conversions contains five spectral 
components. Moreover, If we choose the truncation point at M ■ 2 and N ■ 3, 
than (2.21)-(2.23) reduce to 
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We note that even and odd modes have been selected from (2.21)-(2.25) In 
an appropriate way, In order to obtain (2.28)-(2.30). In general, zonal wind 
components, vertical velocities, temperature, and pressure exhibit even 
symmetry about the equator while meridional wind components possess odd 
symmetry. Thus, (2.28)-(2.30) constitute an adequate truncation because the 
vortlclty expansion exhibits odd symmetry while all other expansions retain 
even symmetry with respect to the equator. Finally, the choice of vertical 
basis functions in this case was restricted because we used the hydrostatic 
approximation. 

The auxiliary variables are given by 
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Hence, we observe that the model maintains tvc , rather than four, zonal 
velocity components and one, rather than two, meridional velocity components 
as well as two normalized potential temperature components. 

Substituting the expansions (2.28)-(2.32) Into the model equations 
(2.10)-(2.14) , and utilizing the orthoncrmallty property of the basis 
functions to eliminate the spatial dependence, we obtain the five component 
model 


_121 1 2, nt 21 2 .11 1 . . 01.0 ,11 

^ OJ12 “ VE22 *2 ^ S&22 **2 " ^^2 *2 * 


•1 B 101 1 . 0.1 .1 „1 

b 0 “ F 220 a 2 b 2 + q 0 ” b 0 F 0 w/P 


(2.37) 


£0 ,110 1.1 1 0 v 0 0 /B 

b 2 ’ ' F 202 a 2 b 0 + a 2 R * «2 " b 2 V 2 v/P 


(2.38) 


„112 1 1 12 1 .2 2 

" B 2U a 2 C 1 " W 21 a 2 “ vA l C 1 


(2.39) 


-121 12 .11 
®211 a 2 C 1 ~ vA l C 1 


(2.40) 


In which the overdot denotes temporal differentiation. 

It Is Important to note that the basis functions for t are a suitable set 
of functions for representing the net heating field q (Henderson, 1982). Thus 
the thermal forcing field and temperature field are matched In (2.37) and 
(2.38); the heating coefficients q® and q^ have the same Indices as b° and bj 
respectively. In what follows, we refer to this type of thermal forcing 
mechanism as Internal. If we define the horlsontal (vertical) heating rate to 
be the component of heating that changes in the horlsontal (vertical), then qjj 
Is a horlsontal heating rate and q^ Is a vertical heating rate. 



337 


c. Steady states 

To simplify analytical, calculations of the steady solutions and to 
facilitate the model comparisons in Section 4, we rewrite *\.e spectral 
components as 

*1 “ a l /Z T * x 2 " b 2 • *3 “ b 0 

*4 “ C 1 * *5 * C 1 * (2.41) 

By rescaling tha spectral component a^ with the domain height, we modify the 
definitions of the interaction coefficients which appear in (2.36)-(2.40), 

For convenience, these definitions appear in Appendix B. hey allow us to 
rewrite the spectral system a* 


*1 " D 1 x 4 *5 + J 1 0 x 4 “ v (E 1 + X 1 J X 1 + * E 2 x 2 
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and qh and q T are the horlsontal and vertical heating rates, respectively. It 
la easy to bhow that tha steady solutions to (2.42)-(2.47), hereafter referred 
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to as the S (or spherical) model, are governed by e seventh ' jgree steady 
polynomial In x^, given by 

dj x j 7 ♦ d 5 x^ + Xj 4 + d 3 x^ + d 2 Xj 2 + d 2 x L + d Q - 0 . (2.48) 

The expressions for dj, 1 • 0-7, ar_ found In Appendix B. 

From Shlrer and Welle (1983), we know that a certain number of 
Independent external parameters are needed to describe completely all classes 
of transitions among the stationary solutions of (2.48). If these have been 
identified mathematically and Interpreted physically, then the predictions of 
the model ere Insensitive to small errors, which ere always present In 
observations, and are therefore experimentally applicable. In fact, Shlrer 
and Wells (1983) show that In many cases the number of parameters required Is 
given by the maximum possible multiplicity of the real roots. However, the 
simplest case of roots having multiplicity two produces the set of fold 
points, and this singularity set specifies fully the branching character of 
the nonlinear solutions. Thus, lu order to find the values of the external 
parameters separating unique from milt ip le equilibria. It la logical to begin 
with a search for the fold point singulerltles. 

When several parameters are present In the model, then the fold points 
form a curve In parameter space that delineates the transition regions as 
functions of the external parameters. I the 8 model, there are several ways 
to display the steady solution surface. As we shall see In Sectloo 4, the 
quelltatlve behavior of the steady states In the 8 model. In accord with that 
of the solutions to the C (or cylindrical) model of Section 3, Is Independent 
of aspect ratio A, Trend tl number F, and rotation rate f. Therefore, any 
appropriate choice of A, F sad f produces roughly the same solution surface. 

Fig. 1 Illustrates the relationship be tom a n the folded solution surface 


S MODEL 


319 



Pig* 1 A schematic diagram showing the relationship between the folded 

solution surface of the S taodel and the singularity set Qi in the 
q v - qjj plane. For values of q v - inside Qj_, three distinct 
real roots of the steady state polynomial exist, but for values of 
q v and q^ outside fl^, only one real root exists* In this case r a 
was chosan so that the scale height la 8 km. It is important to 
note that qualitative steady behavior la independent of the aspect 
ratio A, Prandtl number P and rotation rate Q (after Yost and Shlrer 
1982 ). 
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of Che S model and the singularity set (]]., that divides the thermal parameter 
plane. This set consists of fold points and a cusp point, at which three 
solutions meet. Three real solutions occur for parameter values inside 
and one real solution occurs for values outside it. As Fig* 1 shows, the 
steady states of the S model have the form of a cusp surface. 

Four classes of axisymmetric flow occur in Fig. 1 depending on the sign 
of the vertical heating rr'.te q v . If q v > 0, then the statically stable fluid 
given by r 9 < 0 is being forced in the vertical and for sufficient heating we 
obtain a rotating Rayleigh-Benard problem. If q v < 0, then the static 
stability is being reinforced and the horizontal heating q^ leads to an 
atmospheric Hadley problem. 

As is apparent from the figure, tt. steady states form a cusp surface for 
only positive values of q v . This implies that multiple real solutions can 
occur in the S model only when the fluid is forced in the vertical. Moreover, 
these convective flows may be either direct or indirect, depending on the sign 
of the product q^x^. A thermally direct cell, in which warr^ fluid rises and 
cold fluid sinks, satisfies q^x^ > 0, whereas, a thermally Indirect cell, in 
which warm fluid sinks and cold fluid rises, satisfies q^xx < 0. As Shirer 
and Hells (1983) found, sudden transitions in this regime occur between direct 
and Indirect circulations of equal intensities as the value of q^ is varied. 

If q v < 0, then unique real solutions occur for all values of the thermal 
parameters in this region, and there are no transitions among the steady 
states. Since the fluid is stably stratified, notion occurs primarily in 
response to q^. In this situation, only thermally direct cells are possible 
since q^xi > 0 everywhere. 

Thus we conclude that for rotating antisymmetric flow the internally 
forced S model permits multiple real steady solutions only when forced 



sufficiently In the vertical. This result is in contrast to the one obtained 
for the externally forced cylindrical model in the following section. We will 
explain the implications of this difference in Section 4. 
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3. Axlsymaetric flows In an annulus 

A simple mathematical model that Is representative of a rotating 
cylindrical configuration can be developed from a version of the 
two-dimensional shallow Bousslnesq equations used by Lorenz (1963). The 
version we consider is one that wss originally studied by Veronls (1966), who 
added the Coriolis parameter and a meridional velocity component to the Lorenz 
system In order to study the rotating Raylelgh-Benard problem. In addition, 
we utilize the results of Shlrer and Wells (1983) who modified Veronls* system 
by adding appropriate terms that contained a parameter called the Hadley 
number (Yost and Shlrer, 1982) that Is proportional to an externally Imposed 
horizontal temperature difference. As In the S model, t*w«r model includes a 
sufficient number of parameters to capture the crucial elements of simple 
steady axlsymaetric flow and to unfold completely the physical system. 

In this section, we discuss the five-component cylindrical spectral model 
and then Illustrate the corresponding steady solution surface. These results 
are used In Section 4 when we compare the axlsymaetric flow In both models. 

In addition, we attempt to determine whether the multiple solution 
regions that occur on the statically stable side of the thermal parameter 
plane (l.e., r < 0) In this model are linked physically to laboratory flows. 

We investigate these solutions by determining their location with respect to 
the symmetric flow-wave flow transition curve that was obtained by Fultz 
et al. (1959) for a rotating annulus. The results are suggestive of a 
physical link between the boundary delineating regions of one and three 
solutions and the observed sy mm e tric flow-wave flow transition curve. In 
addition, we deduce a possible explanation for a transition between upper and 
lower symmetric flows. 

These results have a significant Implication on the manner by which the 
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wave flow regime might replace the upper symmetric one: whether in effect by 

default when an upper symmetric flow ceases to exist or by a bifurcation 

originating from the loss of stability of an upper symmetric flow. In the I 

latter case, the problem might become considerably more difficult if, for 

example, different solutions within the wave flow regime were to bifurcate 

from different possible upper symmetric flows. Thus it is crucial that we 

determine the physical significance of these results before attempting to 

model the transition sequence from the steady, axlsymmetric Hadley regime to 

the temporally periodic Roasby regime. 1 


a. Steady states of a five-component axlsymmetric model 

If the Coriolis parameter f, a meridional velocity component v, and 
appropriate terms containing the Hadley number h are added to the Lorens 
(1963) system, then we obtain 

3 s2* _ v( .* =2 *. -* 3v* , D /, , .2x-l 24 * 

JjT* 7 41 • “ K(i|> ,V f ) - f + P(1 + A ) 7 

+ P(1 + A 2 ) + P(1 + A 2 )h , (3.1) 

- K(/, v*) + f* v P(1 + A 2 )’ 1 $V , (3.2) 


- K(/, 9*) + r + h 


The parameters In (3.1)-(3.3) are defined below. This system Is considered in 
more detail In Shlrer and Wells (1983). The dimensionless variables are 
denoted by asterisks or tildas; the velocity components satisfy u* " 3f*/3s* 
and w* ■ - 3^*/3x*. From (3.1)-(3.3), we can develop an appropriate low order 
model that is based on the geometry of a rotating annulus or dishpan. The 
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steady solutions of this model can be compared with those In the S model of 
Section 2. 

Yost and Shlrer (1982) modeled lrrotatlonal axlsymmetrlc flow in a 
rectangular domain by imposing external temperature differences & Z T and & X T 
between the upper and lower surfaces and the lateral boundaries respectively. 
We follow their approach and choose the domain 0 < x" < », 0 < x* < ». Hence 
the temperature field becomes 


Ax, 


T " T o + + V(h~) * 8 


(3.4) 


where T 0 Is the value of T at (x* t a*) - (0, 0) when 0-0, and 0 is a 
perturbation that vanishes at the top and bottom, the Hadley number h Is 
defined here by 


h ■ - r 


V 


(3.5) 


In which the normalized Rayleigh number r - R/R c ; the Rayleigh number R and 
critical Rayleigh number R*. are given by 


and 


R • - g AT HVVV 1 , 
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(3.7) 


Other dimensionless parameters in (3.1)-(3.3) are the Prandtl number P - v/k, 
the aspect ratio A ■ H/L and the Corlolle parameter 


f* - + A 2 )" 1 , 


(3.8) 
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where H is Che domain height, L is Che domain width, v is Che coefficient of 
kinematic viscosity and k is the coefficient of thermometric conductivity. 

As in Section 2, we aim to deduce the smallest spectral system in which 
each variable v* and 8* occurs somewhere in a nonlinear term and in which 
rotation and appropriate meridional and vertical thermal parameters are 
preserved. A five-component model (after Veronls, 1966 and Shirer and Wells, 
1983) that meets these criteria Is specified by 


i|>* ■ /2 y^ sin ** sin z* , (3.9) 

8* » /2 y^ cos x * sin ** “ y 3 2s* , (3.10) 

v* - - /2 y^ sin x* cos z* + y^ sin 2x* . (3.11) 

After substitution of (3.9)-(3.11) into (3.1)-(3.3), mltipllcation by the 
proper basis functions, and integration over the domain, we obtain the 
five-component C model 


‘■} x - - Py t + Py 2 + f*U + A 2 )" 1 1 k - 8/2 Ph/. 2 

(3.12) 

H ' ‘ y l + ‘J'l ‘ *2 

(3.13) 

y 3 " Pi ^2 * W 3 * 2 )" 1 y 3 . 

(3.14) 

K ' - 3 i 's * f *'i - Py A • 

(3.15) 

. 2 


y 5 " *4 - pb A *5 » 

(3.16) 




V 
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in which b • 4(1 + A 2 )” 1 . It is important to oote that the odd vertical node 
wee selected in (3.9) in order to ensure that an lnhonogeneous tern, 
representing the horizontal heating, occurs. 

The steady solutions of the C model are found by the sane method that was 
used for the S aodel. We obtain a fifth degree polynomial in yi, given by 

7 1 + g i h y i* + Ig 2 + g 3 r + y i 3 

+ g 5 h y L 2 + t« 6 + i 7 r + 8g( f *> 2 l + * 9 h " 0 * (3 * l7 > 

The expressions for y^ ~ and - g^ are found in Shirer and Wells (1983). 
As in Section 2 we determine the fold point singularities, at which two 
solutions meet, from (3.17) because we are mainly interested in comparing the 
basic nonlinear structures of the steady solution surfaces in the C and S 
models. 

For a specific fluid in a given vessel, the control parameters In the C 
model «re r, h and (f*) 2 . Moreover, we are willing to change the fluid or the 
vessel in any way that might be necessary to match the conditions in the 
spherical configuration. We solve (3.17) for r to obtain the steady solution 
surface given in Fig. 2. This surface has been constructed for a 
representative value of (f*) 2 that might be used in laboratory studies, 
although qualitative steady behavior is independent of rotation rate. The 
relationship between the folded solution surface and the singularity set is 
the seas as that in Fig. 1; it is a cusp separating regions of one and three 
steady solutions. 

Both desses of axisynmetrlc flow also occur in Fig. 2, but here each 
class is defined by the sign of the external temperature difference in the 
vertical given by the normalised Baylelgh number r. In Fig. 2, the stuady 
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C MODEL 



Fig. 2 A schematic diagraa showing tha relationship between the folded 

solution surface of the C aodel and tha singularity set Qi In the r-h 
plane* For values of r and h Inside Qi, three distinct real roots 
of the ste/idy state polynomial exist, but for values of r and h 
outside Qi, only one real root exists. Here we have chosen a 
rotation rate 0 ■ 0.05 a” 1 , so the two cusps In stable stratification 
appear near r ■ -59. It la Important to note that qualitative steady 
behavior Is Independent of the aspect ratio A, Prandtl number P and 
rotation rate Q (after Yost and Shlrer, 1982). 
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states fora a cusp surface when the fluid is statically unstable and r 1. 

If we compare the orientation of the axes In the r - h thermal parameter plane 
of Pig. 2 with those In the q^ - q^ thermal parameter plane of Fig. 1, then we 
observe that the parameter pairs (r, q^) and (- h, q^) lead to qualitatively 
similar branching behavior In the respective models. This conclusion can be 
supported rigorously by applying a theorem of Mather as discussed In Shlrer 
and Wells (1983). Thus, both the C taodel and the S model produce the same 
qualitative steady results for rotating Raylelgh-Benard convection. 

However, If the value of r is negative (l.e., for statically stable 
conditions), then two new cusps appear near r ■ - 59 for this rotation rate. 
Moreover, as the value of (f *)^ Increases, the magnitude of r, at which these 
cusps appear, Increases. These results were obtained first by Yost and Shlrer 
(1982) for the case (f*)^ • y^ ■ y^ ■ 0. They found that horizontal heating 
of sufficient magnitude, under statically stable conditions, leads to multiple 
real steady solutions In the C model. But in the corresponding region of the 
S model (Fig. 1) these cusps do not appear: there la only one steady state. 

This Is a significant qualitative difference that we Investigate 
further. Since the fundamental physical cause of these different steady 
results cannot be ascerteined from the topology of each steady solution 
surface, we mist examine the C and S models directly and In more detail. In 
particular, we must determine whether the number of steady solutions under 
statically stable conditions Is related to the thermal forcing, geometry, or 
soma other aspect of the spectral me del. In this way, we can outline also the 
possible consequences of using either configuration for studying the symmetric 
flow * wave flow transition In the atmosphere. Prior to this discussion, we 
examine qualitatively some of the links between the miltlple solution regions 
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in the C model and the usual symmetric flow ** wave flow transition curve 
obtained in observational studies. 


b. Comparison with observational studies 

The possible physical connection between the multiple solution regions 
that arise in the C model (for r < 0) and in laboratory flows has not, been 
Investigated previously. This new set of cusps, which first occurs in the 
irrotational convective situation at r ■ - 26, is of physical interest because 
now multiple solutions in a stably stratified fluid are possible for 
sufficiently large horizontal heating rates. Here, we investigate whether the 
location of three multiple solution regions might play an important role in 
the transition sequence from the symmetric flow regime to the wave flow regime 
in an annulus. 

To simplify a comparison of steady solutions in the C model with 
observations from laboratory studies, we redefine the (f*) 2 , P and h 

parameters as 


(f *) 2 - (1 \ - A ‘ } <F *> 2 


(3.18) 


P 



(3.19) 


1/2 

h - (br'*Ha . (3.20) 

With (3.18)-(3.20) , we can eliminate any apparent qualitative dependence of 
the ailtlple solution regions on the aspect ratio A and the Prandtl number 
P, and thereby produce more universal transition curves. If (3.18)-(3.20) are 
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substituted into the steady polynomial (3.17), then we have 

y i 5 + J i ^ y i 4 + U 2 + J 3 r + J 4 < F *) 2 Jy 1 3 

+ j 5 Ha y x 2 + [J 6 + j 7 r + J S <F*) 2 Jy ± + J 9 Ha - 0 . (3.21) 

The definitions for J^, i ■ 1-9, are provided in Appendix C* 

For this comparison, we utilize Fig. 96 of Fultz et al. (1959). Their 
diagram provides the boundary between the symmetric flow and wave flow regimes 
and the boundaries separating the different wave forsw in an annulus. The 
dimensionless parameters on che abscissa and ordinate of their diagram (see 
Fig. 4 for s simplified version) are a rotation parameter 

(G*)" 1 -bn 2 g~ X (3.22) 

and the thermal Rossby number 

RoJ - gcH A x T I20 2 b(b - a)]" 1 (3.23) 

respectively. Here, c is the coefficient of volume expansion, H is the depth 
of the fluid layer, b is the maximum radius at the top surface of the annulus 
and a is the inner radius of the annulus. 

It is important to remember that both (G*)"* ani Roy* depend on Q? and 
A X T. To emphasise this fact, we rewrite (3.22) and (3.23) in the form 

(a*)” 1 " HQ 2 (3.24) 

(to T )* - M A X T o" 2 (3.25) 

whmrm M - bg” 1 and M - fcH[2b(b - a)] -1 . 
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A close examination of the regime diagram obtained by Fultz et al. (1959) 
reveals that the values of A X T and A Z T are nearly constant along the lower 
portion of the transition curve * but the value of not. Hence, from 

(3.5)-(3.7) we conclude that the values of the Hadley and Rayleigh numbers are 
constant along the same portion of the curve. This is a valuable observation 
that will simplify considerably the comparison which follows. 

The control parameters (F*)^, Ha and r in the C model can be written as 


(F*) 2 - JO 2 
Ha - KA^T 


r ■ U I 
z 


Id which 


J 

K 


/tl 4 L 2 t/^ J. * 2 % 3 4 2 ,-1 

4H A 1(1 + A ) * k J , 


-U 3 *i* /i a .2*3 4,-1 

gH A [b T q vk(1 + A) i ] , 


(3.26) 

(3.27) 

(3.28) 

(3.29) 

(3.30) 


L - - gH 3 A 2 [T q vk( 1 ♦ A 2 ) 3 sV 1 , (3.31) 

•od b - 4/(1 + A 2 ). 

Fro* (3.26)-(3.28) w. observe that Ch. probla* 1. reduced to e coaparlsoo 
of Ch. locations of ch. fold poloc. la Ch. (A g T, a x T, Q ? ) - ep.ee of Ch. C 
aod.1 with Ch. cr.D.lCioa curve observed by rules .c *1. (1959). We doc. th«C 
Ch. Mp.cc raclo A ud Pr.odcl ouabar ?* fro* Ch. C aodol, hav. bun fixed ac 
Che values chac war. uaad co coaacrucc Fig. 96 Id FulCs ec al. (1959). 


Although the locadoo of Mch cusp Id ch. C aod.1 la described by two 
fold poloc curve. , ac which Craosleloos boewMo flow raglaaa and faya cereals 


are expected, ita location la specified also by a cusp point (see Figs. 1 or 
2 ). At such a point, two fold point curves ueet tangentially and three real 
solutions coincide. 

We know that a fold point curve can be specified b> two paraaeters. In a 
three-paraaeter problem, as this one Is, this curve becoaes a rurface For 
the C model, this surface reseables a wedge, as Fig. 3 Illustrates 
schematically. The wedge consists of two sheets of fold points that aset 
along a curve of cusp points. As we shall see, the cusp point curve is nearly 
Independent of Ro* In the C model. 

In the C model, both the horizontal teaperature difference A X T and the 
vertical teaperature difference A X T are Imposed externally. In the annulus a 
value of a x T 1* Imposed externally between the lnn.r and outer walls, but the 
vertical teaperature difference mist be Inferred by aeasurlng the average 
value of A r T via thermocouples placed in the working fluid. Ik. nee, ws might 
expect to find a difference between the observed and the calculated values of 
A r T In the comparison which follows. If the calculated and observed values of 
both A X T and G 2 aatch, however, than ws are obliged to coapare the calculated 
values of a x T with the nearest asasured value available. The aaasured values 
of A X T, that correspond to the points Indicated by nsterlske on Fig. 4, are 
given In Table 1. These values were obtained by using the definitions In 
Fults at al. (1959). 

Given a cusp point (r, Ba) c , (F* 2 ) e “ coast, from the C ao^el (here the 
subscript c denotes a cusp point), we can determine the corresponding values 
of (A S T, A x T) c for Q c * • const, from (3.26)-(3.28). If ws substitute the 
values of (i t T) e and Q c 2 lnt) (3.2*)-(3.25), than the corresponding point 
((G*)~ 2 , Rot*) c can be calculated. This point nay be plotted directly on the 
reglas diagram of Fults at al. (1959). 
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to the other two exes, not perpendicular to them. 




«*•***- 









Fig. 4 An Illustration of ths location of tha fold points (thin solid curveo) 
for the C nodal with respect to the observed sjranetrlc flow - wavs 
flow transition (thick solid curve) froa Pig. 96 of Poles at al, 
(1959). Fold point curves are shown for cases In which r • r c 
(curves A, B) and in which r Is varied to follow ths trend In 
observed values along the upper portion of the transition curve 
(curves C, D). Cusp points froa the C nodal are represented by a 
dotted line. Multiple solutions occur In the stlpLsd regions. 
Asterisks denote locations along the transition curve where 
aeaaureaents of the vertical teeperature difference a«T were avail- 
able. Tha paraaeters, which have the seas values as those In Pig. 96 
of Ftalts et al. (1959) , typify conditions la a tall annulus: depth 

13 ca, inner radius 2.5 cn, outer radius 4.95 on. klnaastic viscosity 
9.6 x MT'a 2 ** 1 ’, theraoaetrlc conductivity 1.4 x KTVs" 1 , assn 
water teaperature 21*C, coefficient of voluae expansion 2.5 x 10"* 

•cr 1 . 
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Table 1. Observed parameter values at the four asterisks on ?ig. 4 
(starting from left). 


Asterisk 

(G*)“l 

r°t* 

A*T(K) 

r 


h 

1 

2.7 x 10~ 3 

8.5 x 10“ 2 

0.55 

-3.4 x 

10 3 

2.5 x 10 3 

2 

2.6 x 10’ 3 

1.05 x 10* 1 

0.63 

-3.9 x 

10 3 

3.2 x 10 3 

3 

4.9 x 10” 3 

1.6 x 10" 1 

1.51 

-9.4 x 

10 3 

8.8 x 10 3 

4 

1.1 x 10” 2 

2.0 x 10" 1 

5.16 

-3.2 x 

10 4 

2.4 x 10 4 
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We repeated the calculation described above for the entire range of 
rotation rates considered on Fig. 96. The curve of cusp points that results 
Is depicted by a dotted, nearly straight line on Fig. 4. In Table 2, we give 
the values of each of the parameters for the three cusp points indicated on 
Fig. 4. In what follows, we will be interested primarily in cusp point II, 
which occurs where the cusp point curve and the transition curve intersect. 

The fold points, associated with cusp point II, are obtained in a similar 
manner as that outlined above for the cusp points. 

Because the vertical temperature difference A e T is not Included as a 
parameter on Fig. 4, we choose to calculate the foia points from the C model 
for two appropriate cases: 

(a) when the Rayleigh number is fixed at the value calculated 
at cusp point II, i.e., r • r c . 

(b) when the Rayleigh number is varied appropriately to follow 
the trend in observed values along the upper portion of the 
transition curve. 

Case (a) corresponds to the cross-section taken through the singularity 
set surface of Fig. 3 for r “ const, and (b) approximately to the 
cross-section in the direction Vr. 

The results for both cases are given on Fig. 4 \ case (a), we obtain 

fold point curves A, B. In case (b), we obtain fold point curves C, D. 
Multiple solutions occur in the stlpled regions of both cusps on Fig. 4. For 
a fixed value of r, the region of multiple solutions occurs entirely in the 
symmetric flow regime. When the magnitude of r is varied, the region of 
multiple solutions lies in the wsve flow regime, with the boundary (curve C) 
along the transition curve. A comparison of the observed values of r along 
the transition curve with the corresponding calculated valuea on curve C 
nearby yields an average difference a*T of roughly 1 K (Fig. 5). 
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Pig. 5 The beet uni fore error fit (dot-dashed line) obtained whan the 

observed values of r along the transition curve are compared with thr 
corresponding calculated values on curve C, nearby. Along the solid 
line, there Is no error. Asterisks correspond to the four location* 
on Pig. 4 at which observed values of r were available. 



V< 


1 



* 



359 












The results above are suggestive of two possible types of transitions. 

In case (a), Fig. 4 indicates that the upper symmetric flow regime, in an 
annulus, might develop catastrophically when a lower symmetric flow ceases to 
exist, and vice versa. Hysteresis occurs at both A and B. In case (b). Fig. 

4 shows that the wave flow regime in an annulus might develop catastrophically 
when an upper symmetric flow ceases to exist, and vice versa. Hysteresis 
occurs at both C and D. The conclusion for case (b) is consistent with the 
evidence presented by Lacher et al. (1977) that the Rossby regime in an 
annulus might develop catastrophically when a Hadley flow ceases to exist, 
rather than biooothly via a bifurcation. Moreover, we believe that case (b) 
may provide the best indication of the actual location of the multiple 
solution regions with respect to the transition curve because the Rayleigh 
number has been varied in accordance with the observations. 

Since wltiple solutions do not occur when q v < 0 in the S model, we 
conclude that the wave flow regime in the atmosphere might develop smoothly 
via a bifurcation from the symmetric flew regime. 

Owing to observe V errors, the precise location in parameter space of 
the symmetric flow-wave flow transition curve is not known. If the location 
of the curve is extremely sensitive to small changes in the observed parameter 
values, than we could imagine that a small increase (or decrease) in the 
magnitude of A C T, for example, might cause the curve to shift substantially. 

It may be possible to achieve these new values in the annulus if, for example, 
both horizontal and vertical external temperature differences are applied to 
the working fluid or if boundary layer temperature variations are included 
when measuring A*T. These types of investigations, as wnll as further 
sensitivity studies of the present result are needed. 


i 


i 



i i 

* f 
\ 


l 




I 


?' 





A. Causes of different steady behavior of tba C and S Models. 

In Sections 2 and 3 of this article, we determined the steady solutions 
to five-component spectral aodels based on the geoeetry of the atmosphere (S 
model) and of the laboratory cylinder (C model) respectively. Because the 
pairs (<l v ~q b ) aQ d (r-h) of thermal parameters control the nonlinear behavior 
in the S and C models, we %ere able to compare the steady solution surfaces 
for each geometry. Va found that both models exhibited the same steady 
behavior under statically unstable conditions, but that under statically 
stable conditions, the C model possessed two cusps not found in the S model. 
Here, we investigate the possible reasons for this different steady behavor. 

Both models were designed to simulate axlsymmetrlc flows; atmospheric 
flows are represented in the S model and cylindrical laboratory flows are 
represented in the C model. It has been suggested that the laboratory flows 
that are simulated in the C model yield valuable information about atmospheric 
flows. But we have shown already that the topology of the steady solution 
surface in stable conditions is different for the C model than it is for the 
S model. Thus, we are at the very least raising some questions concerning the 
applicability of the flows produced in externally forced vessels such as the 
laboratory cylinder, to those found in the atmosphere. 

In order to identify those factors in the parameter space that might be 
responsible for the existence of the regions of wltiple equilibria, we 
examine the low order aodels further. In what followe, we ebow that eeveral 
terms may be eliminated from each model without changing qualitatively the 
nature of the steady solutions. However, we do not intend to use the modified 
versions of each model to study the atmosphere per se, but rather to 
investigate the causes of unique versus multiple equilibria. 

The C model (3.12)-(3.16) reduces to an unfolded version of the Lorens 
model (Shlrer and Hells, 1983) given by 
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h m ~ Py i + Py 2 " 8/2 Ph/w2 * (*.D 

y 2 “ ” y l y 3 + “ >2 • (*•*) 

y 3 " y l y 2 ~ by 3 " h ^ 3 * 2 ) Sj_ * (4.3) 

when the letitudlnel velocity components y^,y^ end rotation f* ere eliminated. 
The steady solution surface that we obtain from (4.1)-(4.3) is Identical In 
form to the one produced by the complete C model (Fig* 2); the only change In 
the lrrotatlonal case is that the miltlple solution regions for the stable 
conditions first appear near (r,h) - (-26, ? 27 * /b/(8/2)). This is In 
agreement with the results of Yost and Shlrer (1982). We note that the scaled 
versions of the parameters P and h, which were used In Sec. 3b, are not the 
ones used In (4.1)-(4.3). 

An analogous result Is obtained for the S model. If we eliminate the 
longitudinal velocity components x^ ,x^ and rotation f, then the S model 
(2.42>-(2.46) becomes 




x x • - vX^ + gE 2 * 2 , (4.4) 

• -1 

* 2 * " f i x i* 3 + r t *i + q h " vP x 2 F 1 * 

*3 " F 2*l X 2 + q v “ vP ” ljl 3 r 2 * (4,6) 

The steady polynomial obtained from (4.4)-(4.6) yields a single cusp In the 
thermal parameter plane in agreement with Fig. 1. Hence, we conclude that the 
modified versions of the C and S models yield the same steady behavior that we 
observed in the complete versions. Moreover, the velocity components and 
rotation terms that were eliminated In both models are not responsible for the 



qualitative differences In steady behavior; they contribute only to locating 
the cusps In the parameter space. 

A comparison of the aodlfled C and S models reveals that their 
differential syateas are nearly Identical except for the location and type of 
thermal forcing. In fact, we recall that the S aodel has Internal thermal 
forcing In which the heating field and temperature field share Identical 
eigenfunctions. We believe that this type of for dug, which was derived from 
atmospheric observations such as those In Dutton (1976), la a reasonable 
choice for an atmospheric model. Alternatively, the C aodel possesses 
external thermal forcing that Is manifested via Imposed temperature 
differences between the boundaries of the domain. 

It seems reasonable to expect that If the forcing In the S modal is 
altered to match that In the- C aodel, then the three-cusp behavior of the 
cylindrical model might be reproduced In the spherical one. Indeed, by the 
reverse arguaeut we might eliminate the ailtlple solution regions on the 
statically stable side of the steady solution surface In the C aodel. 

To test the first hypothesis we edded Inhomogeneous terms, like those 
that contain the Hadley number In the C aodel, to the aodlfled S aodel so that 


• gB 2 *2 “ vX l*l ” ** h ,* * 

*2 ' ' + ’h ♦ Vi * vP ’ l Vi 

*3 " '2*1*1 + ’r * l *3 r 2 * V.*l 

The peraaster h jt which Is proportional to a Hadley iambs 


(4.7) 

(4.8) 

(4.9) 


r. Is given by 
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(4.10) 


2 

In which 9 and A 9 are defined In (4.11). The constants are 
o u 

- /2 Z T /(/3(aw) 2 ) , * 16/(9/5) and y " sln(+). In addition, we eliminated 

the scaled versions of x^ and x^ given In (2.41). To obtain (4.7)-(4.9), we 
reexpressed the potential temperature field in the S model, following Yost and 
Shirer (1982), as 



The nonlinear term in this expansion mat b* included because the Fourier 
coefficients for the linear one vanish In the S model, but those for the 
nonlinear term do not. 

Whan the temperature field (4.11) is written In this way, we know via 

Jeffrey's Theorem (Dutton, I * i) that motion must occur because there are 

horizontal temperature differences on level surfaces. The effects of an 

Imposed horizontal temperature difference on the steady solutions to a highly 

* 

truncated spectral model of Rayligh-Benard convection were examined by Yost 
and Shirer (1982). 

In the present context, the S model contains terms that represent both 
Internal and external forcing. Radiant and latent heating rates are 
represented via the Internal heating coefficients q^ and q y . The lateral 
lower boundary thermal forcing accounts for terms that contain the parameter 
h|. Using (4.7)-(4.9), we derived the new steady polynomial from which 
the singularity set and the associated miltiplw solution regions are obtained. 
The results are provided on Fig. 6 for a case In which the internal heating 




Fig. 6 Fold point* In tho thermal parameter of tho aodlflod S nodel, 

with both Internal and external thermal forcing. For values of r t 
and h| ins Ida Qi (stlplad region), three reel roots of the steady 
etete polynomial exist, bat for values of r 9 and h^ oatslde 0i» only 
one reel root exlsta. In this case, e set of peraneters that typify 
the earth's atmosphere were ch oss n i depth 10* e, radios of the earth 
6.37 x 10® n, eddy viscosity 100 re* 1 , eddy dlffuslvlty 23 r*“ l . 

The horlsontal and vertical Internal heating coefficients were chosen 
to reproduce a net heating field of roughly 1*C day"*. 
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coef f lclent.a and q y are constant and in which the fold points are given by 

the values of r and h . To construct this figure, we have chosen values for 
so 

the parameters that typify the atmosphere. As the figure indicates, no 

qualitative change in the steady solution surface of the S model is obtained 

(compare the Thermal plane in Fig. 1 with Fig. 6). We note that the behavior 

shown i'. Fig. 6 is independent of the values of the internal forcing parameters 

•’.and q . In fact, when q. ■ q *0, the same result is obtained; this latter 
n v n v 

case corresponds to an h model that is externally forced only, as is the C 
model. 

Thus, the hypothesis that we suggested above was incorrect because the 
topological character of the steady solution surface in the S model is 
Independent of the type of thermal forcing we choose. For all cases in the S 
model, including the externally forced one, we find unique solutions in the 
axisysawtrlc flow regime in stable conditions; this suggests that transitions, 
such as the one from the lower symmetric regime to the wave flow regime, trill 
be smooth in the atmopshere. In contrast, two cusps appear in the externally 
forced C model In stable conditions implying that sudden transitions and 
hysteresis are likely within the axlsyametrlc flow regime for sufficient 
lateral lover boundary thermal forcing. This also implies that in stable 
stratification transitions would be smooth when externally imposed horizontal 
heating is too weak. 

The exterally forced differential systems (4.1)-(4.3) and (4.7)-(4.9) 

(with q a *q v • 0) are virtually Identical except for quantitative differences 
in the linear and nonlinear coefficients of each system. With thin in adnd, 
we believe that a fundamental cause of the difference in steady behavior might 
be the hydrostatic approximation, which was used in the spherical system but 
not in the cylindrical one. lade .d, this approximation Is linked directly to 
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Che aspact redo A and the baala functlona of each system, and ao to tha 
values of tha constants In tha S and C models. It la Important to raaeaber 
that In this Investigation mb are comparing a spherical ataoapharlc model and 
a cylindrical laboratory one ao that in general A > «A c , vtere tha subscripts 
* and c represent spherical and cylindrical geometries respectively. 

To test the second hypothesis mentioned earlier, me inserted 
Inhomogeneous terms Into the modified C model (4.1)-(4.3) that mimic internal 
forcing similar to that in the simplified S model, and we obtained 

- - Py x + Py 2 - 8/2 Ph/* 2 , (4.12) 

h " - y l y 3 + **l ” y 2 + Vv 
73 “ yyy 2 - by 3 - I 6/2 h (3s 2 )" 1 y l - 


(4.13) 

j 

j 

(4.14) ' 


In ($ l; . 1 *>), If r-h-O, then mm have a version of the C model that Is 
Internally forced only. As Pig. 7 shows. In this case no cusps appear In 
stable conditions. In rgreemant with the results obtained fos tha 8 model. 
Hence, when both models are Internally forced only, unique solutions occur 
within the axlsyametrlc flow regime In each case. As a consequence, me mould 
expect to observe smooth transitions from the Hadley regime to the toesby 
regime In the atmosphere and the laboratory cylinder. It la Important to 
note, however, that If a Hadley number of sufficient magnitude la reinserted 
Into the Internally forced C model (l.e., (4.12)-(4.14)) then the multiple 
solution regions that occur In a stably stratified fluid may be recovered. 


jfer-aW*' 
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Fig. 7 



Fold points in the thermal parameter plane of the modified C model 
with Internal thermal forcing only. For values of q_ ■ q v and 
q, ■ qfa v inside Oi* (stlpled region) , three real roots of the steady 
state polynomial exist* but for values of q_ and q. outside Hi, only 
one real root exists. In this case* a set of parameters that typify 
a deep annulus were chosen: depth 13 cm* inner radius 2.5 cm* outer 

radius 4.95 cm,, kinematic viscosity 9.6 x lCT^m^a”!, thermometric 
conductivity 1.4 x lO^m^s”*. 
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These results are in agreement with those of Sanderson (1982) who 
utilized &n Internal thermal forcing mechanism, that la based on the 
atmospheric net heating field, in a 23-coefficiont spectral model of axisym- 
metrlc flow in the atmosphere. He found a smooth transition from the lower 
symmetric to wave flow regimes but he was not able to find an upper symmetric 
transition. He will discuss the significance of this result in the 


conclusion 
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S. Discussion and conclusions 

Ths question of greatest concern In this study Is whether transitions, 
such as ths one from the Hadley reglae to the Rossby regime, occur cata- 
strophically or amecthly. To begin to answer this question, we presented 
evidence that -a an atmospheric model, but not In a laboratory one, the 
qualitative naf re of the transitions within the symmetric flow regime Itself 
is Independent of the type of thermal forcing mechanism used. Significantly, 
when an internal thermal forcing mechanism was introduced into both models, we 
obtained qualitatively similar steady behavior; this result Implied that the 
qualitative nature of the observed axlsymmetrlc flows In both the atmosphere 
and appropriate laboratory vessels would be the same. Of primary Importance 
then is to design laboratory experiments so that the type of thermal forcing 
is the same In the laboratory vessels and the atmosphere. 

Because there Is a lack of sensitivity of the steady axlsymmetrlc 
behavior In the atmospheric model to different thermal forcing mechanisms, we 
are free to adopt a convenient view of representing thermal forcing In the 
atmosphere. One view, as discussed In Sec. 4, Is that of Henderson (1982), 
who utilised an Internal thermal forcing mechanism that was based on 
atmospheric observations, in a 23-coeff iclent model of axlsyooe.rlc flow in 
the atmosphere. He found that a smooth transition existed from the lower 
symmetric regime to the wave flow regime, but he was not able to locate an 
upper symmetric regime as was found for the annulus by Fultz et al. (1959). 

In this study, an Internal forcing mechanism In either model leads to 
unique steady solutlone In stable stratification, so we should expect to 
observe unique solutions In axlsymmetrlc flow regimes of both the atmosphere 
and the laboratory cylinder. In agreement with Henderson (1982), this implies 


that the transitions between the lower symmetric and wave flow regimes will be 
smooth. 

To demonstrate , theoretically, the effects of varlons combinations of 
internal and external thermal forcing on these physical systeas, wc compared 
the steady solutions of two exisyaoetric low-order spectral models; these were 
the S aodel, which was a quaai-hydroatatlc aodel based on the geometry of the 
ataosphere and the C aodel, which was a nonhydrostatic node! based on the 
geometry of the laboratory cylinder. He found that the 3 aodel did not permit 
multiple solutions in statically stable conditions for any combinations of 
internal and external forcing parameters . In contrast, the C aodel permitted 
multiple solutions in a stably stratified fluid only when externally imposed 
horizontal hasting of sufficient magnitude was incorporated. 

When the modified C and S models were externally forcad only, their 
differential systeme appeared mathematically identical except for differences 
In the magnitudes of the constants In each system. The quantitative 
differences, which are responsible ultimately for the qualitative differences 
In steady behavior, were attributed to the hydrostatic approximation, which 
was used in the S aodel but not In the C model; this approximation restricted 
the choice of suitable basis functions and specified an appropriate range of 
aspect ratios In the S model. When both models were primarily Internally 
forced (that la, there was either week or no external forcing), no multiple 
solutions were found for either case In stable conditions, and tbs qualitative 
nature of the axiaymmetrlc flows was the same. 

The results above can be generalised to tbs atmosphere and to the 
corresponding cylindrical laboratory vassals. Since all combinations of 
forcing parameters la tbs S nodal lad to unique solutions In the axiaysastrlc 



371 


flow regime in stable stratification, we infer that transitions between the 
Hadley and Rossby regimes in the atmosphere are likely to be smooth. In 
contrast, sufficient lateral lower boundary thermal forcing in the C model led 
to two regions of multiple solutions in a stably stratified fluid. Because of 
the proximity of the associated fold point curves to the upper portion of the 
syimsecrlc flow-wave flow transition curve in Fultz et_ al » (1959), we expect to 
observe sudden transitions and hysteresis between the upper symmetric and 
wave flow regimes in the laboratory annulus. However, both the S and C models 
suggest smooth transitions between the lower symmetric regime, where the 
lateral lower boundary thermal forcing is relatively weak, and the wave flow 
regime in the atmosphere and the laboratory cylinder. It is important to 
note that, because we are not able to find the actual transition curve here, 
these results do not conflict with the conclusion of Miller and Gall (1983), 
who found no analog of the upper symmetric regime In their numerical model of 
a rotating hemispherical configuration. 

The problem then Is not the view of the forcing of the atmosphere that we 
adopt, but Instead the adequacy of modeling its effects in the laboratory 
analogue. Indeed, we have noted that forcing a laboratory vessel primarily 
Internally presents a technological problem because Internal mechanisms are 
difficult to apply experimentally without also applying external forcing. But 
if internal forcing is crucial, then the results obtained from externally 
forced laboratory replicas might not explain properly the manner by which 
regime transitions occur In the Internally forced atmosphere. 

If we are Interested In modeling the atmosphere, then based on the 
results obtained here (and those of Henderson (1982) and Miller and Gall 
(1983)), It appears that an upper symmetric transition may not be relevant. 
Indeed, both the S and C models suggest a smooth transition from the lower 



ay metric to wave flow regimes when they are Internally forced. In this case, 
laboratory vessels with adequate Internal forcing mechanisms have the greatest 
utility for studying both the axlaymmefic flows and the transitions from them 
to the wavy ones that would be expected In the atmosphere. However, If we are 
Interested in modeling the upper symmetric transition, then as we saw in 
Sec. 3, an externally forced laboratory annulus is suitable. 
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Appendix A 

Solutions to Linear Problems from (2.10)-(2.14), 
Three suitable linear problems from (2.10)-(2.14) are 


V 


2 2 
vV D - Vg w » - 


(Asia ) 


vV^w « — • 0 
3z 


D--|* 

Bz 


(A. 1.2) 
(A. 1.3) 


V t - - At 


(A. 2) 


and 


v ? - - rc 


(A. 3) 


In problems (A.l) and (A. 3), we have eliminated rotation to preserve the 
self-adjoint property and to minimize the difficulty of determining the basis 
functions. The problems (A. 2) and (A. 3) are merely the classical problems for 
Laplace's operator. 

To facilitate the method used to solve (A.l). we combine (A.1.1)-(A.1.3) 
into a single fourth-order equation In the w-component , given by 


f 


? I 

i 


4 +i 14- o 


V IT 


'a. 2 


<A.») 


The four no-slip boundary conditions that are necessary to solve (A. 4) are 
given in (2.17)-(2.18). 


tf *£& -rfr-"****' ** w 
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We solve (A. 4) by using separation of variables. The solution for w, 
given by w(p,z) ■ P(p)*W(z) in the axisymmetrlc model, is composed of the 
associated Legendre functions and a vertical function. We substitute this 
solution into (A. 4) and utilize the orthonoraality of the Legendre functions 
to obtain the characteristic equation 


L n"n ' - x « rr 

3z 


where L n is the self-adjoint differential operator 


2 - J 2 . 9 4 

L n ' E n ' ^0 ~2 

3z 3z 


(A,5) 


(A. 6) 


2 

and X • y /v, • n(n+l)/a . 

n n n 

From general knowledge of linear homogeneous differential equations with 

constant coefficients, we know that W (z) ~ exp(r z/Z_) is a solution to (A. 5) 

n n T 

for suitable values of r. The associated characteristic equation is 


+ 7 *^> *0 • 0 


<*.7) 


and its roots arr 


U) . 


± la • 


t { - . a* - 4, V'Y' 2 
' n n n * 


and 


(A. 8) 
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where H ■ X - 2e . In (A. 8) and (A. 9) we note that for 2s complex valued 
n n n 

roots (± o ,± $ ), there are s complex conjugate pairs denoted by f r^“ / ,r^^. 

u n x n n * 

Since the eigenvalues X n are positive and real, it is easy to demonstrate 

that S >0 and that (± a ,± 0 ) are real (Higgins, 1983). The roots r^ and 
n n n n 

( 2 ) 

r become complex conjugate pairs ± la and ± 10 so that the basis 
n n n 

functions are combinations of trigonometric functions. 

Because X is positive, two different solutions to (A. 5) are possible, 
n 

depending on n. For n~0, the roots (a. 8) and (A. 9) are a Q “0 and B 0 “Z T (X 0 )^^. 
This yields a general solution of the form 


W Q (r) ~ A + B jr + C expO 0 Q ”) + D exp (-10 q . (A.10) 

i T \ 


We apply the boundary conditions (2.17)-(2.18) to (A.10) and set the 
determinant of the matrix of coefficients to zero to obtain 


0 sin(0 )/2 - l-cos(0 ) 
o o o 


(A. 11) 


The solutions to (A. 11) are obtained graphically b> plotting f(0 Q ) * 0 o sin(0 o )/2 
and g(8 Q ) ■ l-cos(0 o ) for B o >0. The m tl * vertical basis function W^(z), subject 
to the boundary conditions, is 


“'(«> • <? (!“•<«“ - 11 + ^ (a.i2) 








vhtre 
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and the constant Z q remains arbitrary. The first two even and fl at two odd 
vertical modes of basis functions Wg(z) and the.tr orthogonal derivatives d”(z) 
are given in Fig. A.l. No attempt has been made to normalize the basis 
functions because determination of the analytical expression takes considerable 
effort. 

When n>0, the roots (A.8) and (A. 9) satisfy the condition a n *0, 

a SB , and the general solution becomes 
n n 


W (z) - A expda ■=-) + B exp(-ia —•) 
n n Zj n 4_ 

+ C expd0 n |-) + D exp(-i& n -|-) 


(A. 14) 


Proceeding as before, we find that a Q and 0 n satisfy the equation 


(B n tan(~) - o n ten(~))(a n ten(~) - B n ten(^)) - 0 


(A. 15) 


in which term I produces the even functions and term 11 produces the odd 
functions. C~aphical solutions ere obtained, as in the previous case, and the 
a th vertical basis function w£, subject to the boundary conditions, is 


i£u> ■ <£ *-> - «..<.* ^)) 


♦ < ^ - -i i;» 


*.*16) 


1-cos (0“) 

K 2- 

o . nu 
sindoJ-Bo 


(A. 13) 


j &f**m*- - 










.os( a ") " v>b(0*) 
v ® o n 

n 0* 

sin(g“) *111(0") 

a 1 n 


(A. 17 ) 


the coat Cent C rauln* arbitrary. 

n 

Expression* (A. 12) and (A. 16) /laid the function* *£(*) for all Integer 

values of a and n. These results allow us to calculate the vertical basis 

functions o"(z) for the scaled pressue variable w 1 '< the usual diagnostic way. 
n 

If (A. 1.3) Is substituted Into (A. 1.1), then 


V H 2 , - - <»7 2 + T>H 


(*.18) 


If a separable solution of the fora «(y,s) ■ P(y) 'o(t) Is used In conjunction 
with the solution for w()i,z), then (A. 18) beccmes 


This expression describes the vertical dependence of the scaled pressure 
variable «• 

The vertical basis functions to- divergence D are determined directly from 
(A. 1.3). We use a separable solution of the form D(p,s) • P(y)*xls) along with 
the solution for w(y,s) to obtain the vertical basis functions 




, 2 aw* y" aw* 

a, . v ,4 » n . *n n 


(A. 19) 



(A. 20) 
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The orthonormal , vertical basis functions In (A. 12), (A. 16), (A. 19) and 
(A. 20) for v,* and D respectively, have an associated ordered sequence of 
unique, real eigenvalues te(»ai.iig toward Infinity (e.g., Ladyzhenskaya, 1969). 
Moreover, they complete a representation of the spectral expansions for w, D and 
t, that can be written as 


“ - 
v <u,-,t) 



(A. 21) 

D (p,z,t) 

- i i •:<*> 

3W* 

-P ffi (p) j? (z) 

. (A.22) 


m n 


* (|l**»t) 


P a (p) .J.) 

(A. 23) 


To solve (A.2), we choose a separable, rolutlon of the form t(u»*) * 
P(u)*+(r). After substitution of this solution Into (K.2), we find 



) ♦ <*> 

i ; T n 


- r .V*> 


< .. 2 *) 


where we have used the definition r • n /«• With a solution for a (s) of the 

q n q 

form 9 u (s) - exp(r Q z i’^), we obtain 

f n (s) ~ A axp(l<v n ) l ^ 2 s) ♦ B aKp(-l(v o ) l ^ 2 s) , (£.23) 

and v « r t . The boundary conditions <?..20) am applied after 

n u u 

differentiating (A. 25) with respect to is this yields the equation 


Sk.N*A. ^4 ’ 


(v n ) 1/2 (A+B,-in((v n ) 1/2 Z T ) - 0 


(A. 26) 


1/2 1/2 

Equation (A*26) is satisfied if (v fl ) ■ 0 or (v fl ) “ " bw/Z^* In the 
first case , the eigenvalues are • e Q , and in the second case, the 
eigenvalues are r" - e n + (a*/ Z T ) . The corresponding vertical basis function 
in the first case is 


0 .0 

* - d 

*n n 


(A. 27) 


for opO, where d U is a constant associated with each horizontal function Y . 

n u 

In the second case 


♦; - d* cos(»» f-) 

T n n Zj 


(A. 28) 


for a>0. The basis functions (A.27) and (A. 28) specify the vertical dependence 
of the scaled potential temperature. The coaplete spectral expansion in the 
axlsyaaetrlc model is 


■ I I ♦;<«> + l 


(A. 29) 


Finally, we solve the linear vorticity problea (A. 3) via the aaae aethod 
that was used to obtain the basis functions for scaled potential teaperature. 
With the boundary conditions (2.1?) and a separable solution for c of the 
fora c(u.*) ■ P(|»)*9(*). find 


C - ^ 




and v “ r - e . The boundary conditions (2.20) are applied after 
a ci n 

differentiating (A. 25) with respect to z; this yields the equation 


(w n ) 1/2 (A+B)sin((v n ) 1/2 Z T ) - 0 


(A. 26) 


1/2 i /•> 

Equation (A.26) is satisfied if (v n ) ■ 0 or (v Q ) • - mw/Z^. In the 

first case, the eigenvalues are ■ e . and in the second case, the 

n u 

eigenvalues are r* ■ e n + (a«/Z^) 2 . The corresponding vertical basis function 
in the first case is 


0 .0 
♦n " d n 


(A. 27) 


for art), where is a constant associated with each horizontal function . 

n n 

In the second case 


i * 


< - < •*>•<«* % • 


(A. 28) 


for a>0. The basis functions (A. 27) and (a. 28) specify the vertical dependence 
of the scaled potential temperature. The complete spectral expansion in the 
axlsywmetrlc model is 




- 1 1 f„( U ) ♦;<•> + 1 b“ p n ,® 


(A. 29) 


Finally, we solve the linear vortlcity problem (A.3) via the same method 
that was used to obtain the basis functions for scaled potential temperature. 
With the boundary conditions (2.19) and a separable solution for z of the 
form c(p,s) - P(w)«p(z), w ft,* 
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(A. 30) 


for o>0; tha con* t ant a Q la arbitrary- Ina alg^nvaluaa ara 




(A.31) 


and A* “ y*/v. Equation (A. 30) apeclflaa the vertical dependence of vortlcity 
(. The complete spectral expanalon In the sxlaymmetrlc model la 


- l l cj(t) P n ( u ) (a) 


(A. 32) 
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Appendix B 

Coefficients in (2.42)-(2.46). 

Because the spectral components (2.41) are Modified, the definitions of 
the interaction coefficients in the five-coefficient model (2.36)-(2.40) are 
modifed. The new definitions are 


B - Z_ B 121 - I (h 1/2 
B 1 X ®211 2 V 


(B.l) 


. .112 3r ,2x1/2 

°2 4 T 2il 2 V * 
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r - .12 . .,..- 1/2 

J 2 " Z T J 21 " 4,<15) 


(B.10) 


In the Interaction coefficient* above r ■ 32/15. 

The definition* for the eigenveluee in (2.36)-(2.40) becoe* ■ X 2 » 
X 2 • k \ » X 3 - A* , 1^ • end r 2 ■ Tq . We aleo note that the heating 
coefficients in (2.36)-(2.40) are given by 


0 

% m '2 


(B.ll) 
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(B.12) 


The expressions for , i-0-7, in the steady polynomial (2.48) are 


d 7 " “ h 3 h 8 h 10 
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d 6 " 0 
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d 0 " h 4 h 7 » (B.20) 

and 

h l * D 1 * 1 0 2 J 2 2vX 2 » (B.21) 
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h 2 " 0 J l J 2 wX 2 » (B.22) 

h 3 * v(B 1 +X 1 ) , (B.23) 

h 4 - gE 2 vP" 1 r 2 q h , (B.24) 

h 5 - gtyP" 1 ^ , (B.25) 

h 6 " gE 2 P l q v * (B.26) 
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Appendix C 

Coefficients of the Steady Polynomial (3.21). 

The definitions for the coefficients i ■ 1-9, that appear in the 
steady polynomial (3.21) are 


- 8(3x 2 )‘ 1 (2b) 1/2 , (C.l) 

j 2 - b(l+(P*) 2 ) , (C.2) 


J 3 - - b , 

J 4 - b 

j 5 - 8*2 l/2 b 3/2 (3+(P*) 2 ) Ow 2 )” 1 
j, - (F*b) 2 . 

J 7 - - tt*b) 2 

J , • <> 2 

J, - «.2 1/2 (F*) 2 b 5/2 ,- 2 . 

where b ■ 4(1+A 2 )” 3 and P*-pa. 
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